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Abstract

We propose a simple estimator for the weight in a two-component mixture

model between a known and an unknown density. We make no parametric

assumptions about the unknown component and estimate the weight conser-

vatively, i.e., the estimate is smaller than the true value with high probabil-

ity. A brief simulation is used to compare the proposal with already available

conservative approaches.

Keywords: Conservative estimation, mixture models, multiple testing,

photon arrival times.

1. Introduction

Let X be an absolutely continous random variable with support on a

closed interval I ⊂ R, with distribution F (x) and density function f(x); and

x1, . . . , xm an i.i.d. sample from f(x). The estimation of the weight a in a

mixture model of the type:

f(x) = ag1(x) + (1 − a)g0(x), (1)

where g0(x) is known, is of great interest in the area of multiple testing,

and has applications in cosmology. The assumption on g0(x) can be relaxed
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up to assuming that g0(x) is unknown, but dominated by a known density.

Note that such mixture model is more general than it could appear, since

g1(x) is unknown and could be a mixture itself. We make no parametric

assumption about g1(x). Without loss of generality we assume that g0(x) is

the density of a Uniform random variable and that I coincides with [0, 1].

This assumption is not restrictive since if g0(x) is different, one can always

let Y =
∫ X

−∞
g0(t) dt, so that Y is uniformly distributed on [0, 1] when X

arises from the known component in the mixture.

In this paper we focus on conservatively estimating the weight a. We

define an estimator â to be conservative at level α1 if

Pr(â ≤ a) ≥ 1 − α1, (2)

and we support the use of estimators that possess this property at a small

level α1, say α1 = 0.05.

The conservative property is required in the framework of multiple testing.

For background in multiple testing refer to Westfall and Young (1993), and

to Farcomeni (2008) for a review of recent developments. In multiple testing,

p-values arising from true null hypotheses are uniformly distributed (or their

distribution is dominated by the uniform), while p-values arising from false

nulls arise from an unknown density g1(x). In this context, the estimator

â is commonly used to achieve higher power (e.g., Benjamini and Hochberg

(2000)). The estimator is “plugged-in” and, whenever 0 < â ≤ a, there is

improvement in terms of power without loss of control of the target Type I

error rate. Whenever â > a, there may be a large number of false positives

and loss of control of the type I error rate.

In applications in cosmology, data from f(x) as in (1) can be used to
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estimate the strength of a signal in a series of high energy photon arrival

times. Roughly speaking, light coming from the universe from a fixed direc-

tion can arise from background noise or from a cosmological object, like a

star. Background noise generates times between one beam of light and an-

other according to a uniform distribution, while cosmological objects pulse

according to a different, unknown, distribution. The time passing between

one beam of light received and another is hence distributed according to an

unknown g1(x) if we are looking towards an object, and according to a uni-

form density if we are receiving just background noise. One records time

passing between signals received and estimates the density f(x), known as

the light curve. The interest does not lie in estimating g1(x), but only the

weight a, which represents the strenght of the pulsed signal. If a is large

enough, there may be a cosmological object in the region of the universe is-

suing the photons received. In this application, if a is over estimated there is

an overly optimistic statement about the abundance of signal. This can lead

to costly and pointless further investigations of zones of the universe in which

the signal detected is actually not strong enough, i.e., where there is actually

no cosmological object that can be identified. See Swanepoel et al. (1996);

Swanepoel (1999) and references therein for a more formal and complete dis-

cussion of the problem. Conservative estimators for a have been only recently

prosed, for instance in Meinshausen and Bühlmann (2005), Meinshausen and

Rice (2006), Benjamini et al. (2006). There is a plethora of other possible

estimators, proposed for instance in Schweder and Spjøtvoll (1982), Storey

(2002), Langass et al. (2005), Ferreira and Zwinderman (2006b). All those

are known to possibly over estimate a. Ferreira and Zwinderman (2006a)
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give exact bounds on the asymptotic bias of some of the estimators that are

known to possibly violate (2). In this paper we propose a new conservative

estimator based on Dvoretzky, Kiefer and Wolfowitz inequality (Dvoretzky

et al. (1956); Massart (1990)). Our approach seems to be advantageous in

three respects: first of all, it is simple. Secondly, it is easy to implement and

computationally light. Third, in a brief simulation study it is shown to out-

perform other available conservative estimators in terms of MSE, especially

when the sample size m is large.

A final comment regards dependency: our results are valid only under

independence, which is almost always the case in the outlined applications in

cosmology but not so in multiple testing. Our results are directly extended

under a special form of dependence, namely strong uniformly φ-mixing. Rio

(2000) shows that Dvoretzky, Kiefer and Wolfowitz inequality holds under

φ-mixing. For a general discussion on mixing see Doukan (1994). We just

mention that it sufficies that there exists a single permutation of X1, . . . , Xm

which can be assumed to satisfy mixing, or the less general but more eas-

ily proved m-dependence of a finite order h < m. Under more general or

arbitrary dependence the only viable choices are a Bonferroni adjusted esti-

mator (see e.g. Farcomeni (2006)); or the complex but effective approach of

Meinshausen and Bühlmann (2005).

The rest of the paper is as follows: in Section 2 we propose our conserva-

tive estimator. We then show some simulations in Section 3.
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2. A new conservative estimator for a

Let ǫm =
√

1
2m

log(1/α1). For a given q ∈ (0, 1), let R(q) =
∑

1xi≤q,

where 1C is the indicator function of condition C. That is, for a given

threshold q we let R(q) be the number of observations below q.

We propose the following estimator:

â = max

(

sup
q∈(0,1)

Fm(q) − q − ǫm

1 − q
, 0

)

. (3)

where Fm(q) = R(q)/m.

Note that the empirical distribution Fm(q) is a step function, and hence the

supremum can be computed by evaluating (Fm(q) − q − ǫm)/(1 − q) in at

most m values of q. In the next theorem we show that (3) satisfies (2).

Theorem 1. Suppose X1, . . . , Xm are i.i.d. The estimator â defined in (3)

is conservative at level α1 for a.

Proof. It is straightforward to see that, under model (1),

a ≥ inf
q∈(0,1)

F (q) − q

1 − q
. (4)

We then have that

Pr(â ≥ a) ≤ Pr

(

sup
q

Fm(q) − ǫm − q

1 − q
≥ inf

q

F (q) − q

1 − q

)

≤ Pr

(

sup
q

Fm(q) − ǫm − F (q)

1 − q
≥ 0

)

= Pr

(

sup
q

Fm(q) − F (q) ≥ ǫm

)

.

The last probability is bounded by DKW inequality (Dvoretzky et al. (1956);

Massart (1990)), which is expressed as Pr(supq Fm(q)−F (q) ≥ ǫm) ≤ e−2mǫ2
m ,

and clearly e−2mǫ2
m = α1.
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We have implicitely assumed that ǫm ≥
√

log(2)/2m, which is very often

true, especially when m is large or α1 is small. This is needed for the one

sided DKW inequality to hold. If ǫm <
√

log(2)/2m, we can use the two

sided DKW inequality by setting ǫm =
√

1
2m

log(2/α1).

The estimator we propose is based on a simple correction (through sub-

traction of εm) of the one proposed in Schweder and Spjøtvoll (1982), and

then extensively studied in Storey (2002). This latter estimator is not conser-

vative, and Meinshausen and Rice (2006) note that it can often over-estimate

a. On the other hand, we can now claim that it is asymptotically conservative

since ǫm is infinitesimal.

When the aim is estimation, α1 should be chosen in the same way as

the level of a confidence interval is chosen. Default choices are obviously

0.01, 0.05, 0.1. When the aim is using â in multiple testing, one can still use

the default choices. The type I error rate would not be controlled exactly at

the specified level anyway, since the level is expected to be exceeded whenever

â > a. In order to guarantee a type I error rate bounded by α (say, α = 0.05),

one should then choose α1 carefully. A similar discussion can be found in

Farcomeni (2006). Call V the number of falsely rejected hypotheses and R

the number of rejected hypotheses by any multiple testing procedure applied

at level α2. We summarize our guidelines as follows:

• Control of FWER, i.e. Pr(V > 0), is achieved at level α = 1 − (1 −

α1)(1 − α2) (see (Farcomeni, 2006, Proposition 1) for a proof).

• Control of FDR, i.e. E[V/R|R > 0] Pr(R > 0), is achieved at level

α = α1 + α2.
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• Control of FDX, i.e. Pr(V/(R + 1R>0) > c), is achieved at level α =

1 − (1 − α1)(1 − α2).

Obtaining α = 0.05 is then just a matter of solving an equation with two

unknowns (α1 and α2). One can be fixed by the user and the other follows

consequently. Note that this choice shall not be data dependent. Proof of the

guideline for FDX control can be obtained along the lines of Proposition 1 in

Farcomeni (2006), while for FDR we used a simple conditioning argument:

E[FDR] = E[FDR|â ≥ a] Pr(â ≥ a)+E[FDR|â < a] Pr(â < a). Guidelines

for other error rates can be obtained along the same lines.

3. Simulations

In this section we perform Monte Carlo experiments to compare our pro-

posal (DKW) with the conservative estimator of Meinshausen and Bühlmann

(2005); Meinshausen and Rice (2006) (how) and the two-step estimator of

Benjamini et al. (2006) (BKY). In particular the estimator of Meinshausen

and Bühlmann (2005); Meinshausen and Rice (2006) has been computed

using the howmany function implemented in R (R Development Core Team,

2009) and available in the library under the same name.

We generate X1, . . . , Xm from mixture model (1). Variates arising from

g1(x) are identically distributed according to Φ(Z), where Φ(·) denotes the

CDF of a standard normal and Z ∼ N(1, 1). In this way, we mimick a classi-

cal situation of multiple testing with tests on the mean under assumption of

normality. We have also tried varying the parameters of Z, obtaining similar

results, which are not shown for reasons of space.
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We compute our proposed estimators and for each one we record the

average of the estimates, the MSE and the proportion of times the estimate

is above the true a. We replicate the experiment 1000 times for each of four

different values of m, and five values of a. We report our results in Table 1.

The how estimator shows a very small MSE, always outperforming the

BKY estimator. DKW outperforms all others in terms of MSE whenever a

or m are large. As m grows, DKW achieves the lowest MSE for smaller and

smaller values of a, and for all the considered values of a when m ≥ 1000. For

what concerns its use in multiple testing, we note that in all but few cases

DKW yields a larger average of the estimate, thus leading to more powerful

multiple testing procedures.
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Table 1: Proportion of â > a, average estimate and MSE for the three conservative

estimators when m = 100, 1000, 10000, 100000, for different values of a. The results are

based on 1000 replications.

m = 100

â > a E[â] MSE

a DKW how BKY DKW how BKY DKW how BKY

0.00 0.026 0.132 0.048 0.0007 0.0017 0.0005 0.0000 0.0000 0.0000

0.02 0.024 0.011 0.002 0.0015 0.0026 0.0008 0.0005 0.0004 0.0004

0.05 0.015 0.006 0.000 0.0021 0.0043 0.0013 0.0024 0.0022 0.0024

0.10 0.021 0.003 0.000 0.0066 0.0087 0.0020 0.0092 0.0086 0.0096

0.20 0.007 0.002 0.000 0.0301 0.0267 0.0036 0.0309 0.0311 0.0386

m = 1000

0.00 0.020 0.135 0.047 0.0002 0.0003 0.0001 0.0000 0.0000 0.0000

0.02 0.024 0.006 0.000 0.0012 0.0009 0.0001 0.0004 0.0004 0.0004

0.05 0.014 0.004 0.000 0.0059 0.0037 0.0002 0.0021 0.0022 0.0025

0.10 0.010 0.002 0.000 0.0328 0.0222 0.0003 0.0051 0.0064 0.0099

0.20 0.004 0.000 0.000 0.1245 0.1057 0.0008 0.0065 0.0096 0.0397

m = 10000

0.00 0.029 0.110 0.045 0.0001 0.0001 0.0000 0.0000 0.0000 0.0000

0.02 0.012 0.003 0.000 0.0037 0.0018 0.0000 0.0003 0.0003 0.0004

0.05 0.013 0.002 0.000 0.0276 0.0211 0.0000 0.0006 0.0009 0.0025

0.10 0.007 0.001 0.000 0.0761 0.0688 0.0001 0.0007 0.0011 0.0100

0.20 0.008 0.001 0.000 0.1762 0.1689 0.0002 0.0007 0.0011 0.0399

m = 100000

0.00 0.019 0.114 0.043 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

0.02 0.023 0.004 0.000 0.0128 0.0104 0.0000 0.0000 0.0001 0.0004

0.05 0.016 0.001 0.000 0.0426 0.0400 0.0000 0.0000 0.0001 0.0025

0.10 0.012 0.004 0.000 0.0924 0.0898 0.0000 0.0000 0.0001 0.0100

0.20 0.004 0.001 0.000 0.1923 0.1897 0.0000 0.0000 0.0001 0.0400
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