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Abstract A new robust fuzzy regression clustering method is proposed. We
estimate coefficients of a linear regression model in each unknown cluster.
Our method aims to achieve robustness by trimming a fixed proportion of
observations. Assignments to clusters are fuzzy: observations contribute to
estimates in more than one single cluster. We describe general criteria for
tuning the method. The proposed method seems to be robust with respect to
different types of contamination.
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1 Introduction

Many clustering methods are based on estimating k groups of units according
to the distance to suitably defined centroids. Oftentimes these centers are
simply location parameters while in certain applications a different notion
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of cluster is of interest. For example, in linear clustering models, k groups
of units forming a linear structure are taken in account, which implies that
each unit is assigned to the group minimizing the regression error (i.e. its
squared residuals from the estimated regression line). First attempts to fit
k = 2 regression lines can be found in Bock (1969); in Hosmer (1974), that
applied this type of procedure in economics; in Lenstra et al. (1982) where
this type of procedures are applied in marketing segmentation, and, in Späth
(1982), where the details about a feasible algorithm are provided. In DeSarbo
and Cron (1988) the EM algorithm has been used in this context and the
methodology has been extended to the multidimensional case and for k > 2.
The general linear clustering method could be then applied in many different
research fields like medicine, psychology, biology, image reconstruction, and
many others.

Our aim is to provide a fuzzy regression clustering method that is ro-
bust (see, e.g., Farcomeni and Greco (2015) and Ritter (2015) for detailed
reviews of the main ideas in robust clustering). To be more precise, we fo-
cus on extending the TCLUST approach. This robust clustering method, that
was proposed in Garćıa-Escudero et al. (2008), allows the user to recover het-
eroscedastic structures and to use trimming to avoid the deleterious effect of
outlying observations. The TCLUST approach was adapted to be applied in
fuzzy clustering problems in Fritz et al. (2013). Another contribution where
trimming is applied in fuzzy clustering to reach robustness can be found in
D’Urso et al. (2014) and Kim et al. (1996). However, these proposals were not
aimed at dealing with linear clusters. An extension of the TCLUST method-
ology for linear clustering problems appeared in Garćıa-Escudero et al. (2010)
and, following this idea, we are now interested in extending that methodology
for performing robust linear fuzzy clustering.

From a non-fuzzy point of view, methods for robustly estimating several
unknown regression lines have already appeared, for instance, in Ingrassia et
al. (2014), Song et al. (2014) and Yao and Li (2014). It shall be noted that
fuzzy modeling is a framework which might seem somehow related to mix-
ture modeling, but it is instead different in principles. In mixture models of
regressions (e.g., DeSarbo and Cron 1988) a true underlying cluster label is
always assumed to exist for each observation, and posterior probabilities sum-
marize the researcher’s uncertainty for this label. In fuzzy modeling, nonnega-
tive membership values are assumed which may generate overlapping clusters
where subjects may be shared among all clusters. Moreover, as we will see
later, the proposed methodology in this work allows a kind of transition be-
tween “hard/crisp” and “fuzzy” clustering partition. The method can return
a “core” of observations with 0-1 membership values and the remaining obser-
vations may belong to more than one cluster (i.e., membership values within
the (0, 1) interval).The degree of “fuzziness” is controlled through a tuning pa-
rameter m ≥ 1, while it would make no sense to tune posterior probabilities.
Fuzziness in clustering has been introduced in Ruspini (1969) and extended
in Bezdek (1981). Such approach has several advantages in applications (see,
e.g., Gustafson and Kessel 1979; Ali et al. 2008; D’Urso et al. 2011).
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Our robust fuzzy regression clustering model can be seen as an exten-
sion of the methodology introduced in Hathaway and Bezdek (1993). This
last method is an adaptation of the fuzzy c-means (Bezdek 1981) algorithm
for fuzzy regression clustering problems and is based on minimization of the
sum of the weighted distances of each point from the estimated regression
line. These weights depend on the fuzzy membership values. Unfortunately,
this approach is not robust. In this work, we follow a maximum likelihood ap-
proach, as in Hathaway and Bezdek (1993), Kuo-Lung et al. (2009) and Honda
et al. (2008), but which is able to resist well to contaminating observations.
By contamination in this paper we refer to points which do not agree with
any of the true underlying structures, and could be potentially influential. A
different robust approach has been proposed in Kuo-Lung et al. (2009) where
an alternative measure of the length of the residuals has been proposed. This
method is indeed robust but it is seen in simulation to resist only to certain
types of contamination.

The outline of the paper is as follows. We provide the methodology in
Section 2.1. We discuss in Section 3 the interpretation of the tuning parameters
and, additionally, we give some proposals for choosing them. Finally Section
4 contains an application of our procedure to a real dataset and in Section
5 there are concluding remarks. A simulation study is reported in the online
supplementary material.

2 Methodology and algorithm

2.1 Defining the problem

Let {(yi,x′i)}ni=1 ⊂ Rp+1 be a dataset where xi ∈ Rp are p explanatory vari-
ables and yi ∈ R is a continuous response for the individual i. We are interested
in grouping them into k clusters in a fuzzy way, and estimating a linear model
within each group. Therefore, our aim is twofold: first of all we estimate a set
of membership values uij ∈ [0, 1] for all i = 1, ..., n and j = 1, ..., k, where
a membership value 1 indicates that object i belongs at all to cluster j and
conversely a membership value 0 indicates that object i does not belong to
cluster j. Intermediate degrees of membership are obtained when uij ∈ (0, 1).
Secondly, we estimate the regression coefficients and the intercept parameters
bj ∈ Rp and b0j ∈ R.

We consider that an observation is fully trimmed if uij = 0 for all j =
1, ..., k and, thus, this observation has no membership to any of the clusters.
This is in contrast with the alternative robust approach in Kuo-Lung et al.
(2009), which sets uij = 1/k for outliers.

Let α ∈ [0, 1) be a fixed trimming proportion, c ≥ 1 a fixed constant
controlling ratio of cluster residual variances, m ≥ 1 a fixed value of the fuzzi-
fier parameter. The proposed robust constrained fuzzy regression clustering
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problem is defined as the task of maximizing the objective function

n∑
i=1

k∑
j=1

umij log
(
f(yi;x

′
ibj + b0j , s

2
j )
)

(1)

where f(·;µ, σ2) is the p.d.f of a normal distribution with mean µ and standard
deviation σ, f(x;µ, σ2) = (2πσ2)−1/2 exp(−(x−µ)2/(2σ2)). The maximization
of (1) must be done with respect to b0j , bj , s

2
j parameters and the membership

values uij . The uij values are assumed to satisfy

k∑
j=1

uij = 1 if i ∈ I and

k∑
j=1

uij = 0 if i /∈ I,

for a subset I ⊂ {1, 2, ..., n} with #I = [n(1 − α)], and s21, . . . , s
2
k are the

residual variances which must satisfy the constraint

maxkj=1 s
2
j

minkj=1 s
2
j

≤ c. (2)

Note that ui1 = ... = uik = 0 for all i /∈ I, so these “trimmed” observations
do not contribute to the objective function (1). Constraint in (2) is needed as
the target function (1) is unbounded otherwise. For instance, if we pick any xi
and take b01 and b1 such that yi = b01+x′ib1 then (1) tends to infinity whenever
ui1 = 1 and ul1 = 0 for every l 6= i, just by taking s21 → 0.

The maximization of (1) implicitly assumes that clusters have equal sizes
and, thus, biases the procedure towards the detection of clusters with similar
sizes (Symons 1981). In fuzzy clustering, the “size” of cluster j can be seen
as
∑n
i=1 uij . To remove this assumption we might include clusters’ weights pj

and replace (1) with the new target function:

n∑
i=1

k∑
j=1

umij log
(
pjf(yi;x

′
ibj + b0j , s

2
j )
)
, (3)

where pj ∈ [0, 1] and
∑k
j=1 pj = 1 are additional parameters. By performing

partial maximization of (3) w.r.t. pj , conditionally on the values of the other
parameters bj , b

0
j and s2j , a closed expression for the optimal pj is found as

p̂j =

n∑
i=1

umij

/ n∑
i=1

k∑
j=1

umij . (4)

This extra term so implies adding an “entropy regularization” term to the
target function (1). This type of “entropy regularization” was discussed in
Miyamoto and Mukaidono (1997). The same type of pj weights in “hard”
clustering also appeared in Bryant (1991).
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2.2 Proposed algorithm

The constrained maximization of (3) shall be performed through a con-
strained iterative procedure. We suggest to repeatedly initialize from several
random starting points, and iterate two updating steps up to convergence or
until a maximum number of iterations is reached. The two updating steps
are as follows: first, conditionally on current parameter values, membership
values are obtained. Secondly, conditionally on current membership values,
parameters are updated in order to maximize (3). Therefore, we propose the
adaptation of a CEM algorithm (see Celeux and Govaert 1992) adapted to
the fuzzy clustering framework. Updating formulas are similar to those used
in Hathaway and Bezdek (1993), Kuo-Lung et al. (2009) and Honda et al.
(2008). As the model might be viewed as an adaptation of Fritz et al. (2013)
for linear clustering, also the algorithm presents several analogies. The main
steps in the proposed algorithm are:

– Update membership values: Using the current parameter estimates we up-
date the membership values. If

max
q=1,...,k

{pqf(yi;x
′
ibq + b0q, s

2
q)} ≥ 1,

then we define “hard” assignments as

uij = I
{
pjf(yi;x

′
ibj + b0j , s

2
j ) = max

q=1,...,k
pqf(yi;x

′
ibq + b0q, s

2
q)
}

with I{·} being a 0-1 indicator function. If

max
q=1,...,k

{
pqf(yi;x

′
ibq + b0q, s

2
q)
}
< 1,

then we define “fuzzy” assignments as

uij =

( k∑
q=1

(
log(pjf(yi;x

′
ibj + b0j , s

2
j )

log(pqf(yi;x′
ibq + b0q, s

2
q)

) 1
m−1

)−1
.

– Trimming: We compute

ri =

k∑
j=1

umij log(pjf(yi;x
′
ibj + b0j , s

2
j )) (5)

and sort them as r(1) ≤ r(2) ≤ ... ≤ r(n). The membership values for the
observations xi with ri < r([nα]) are fixed as uij = 0 and, thus, these
observations are discarded at this stage of the algorithm.
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– Update parameters: The cluster weights (if included) pj are updated as (4)
while for b0j and bj , with j = 1, 2, . . . , k, the usual (weighted) least square
method is used. Closed forms are available as

bj =

(∑n
i=1 u

m
ijxix

′
i∑n

i=1 u
m
ij

−
∑n
i=1 u

m
ijxi∑n

i=1 u
m
ij

·
∑n
i=1 u

m
ijx
′
i∑n

i=1 u
m
ij

)−1
(6)

·

(∑n
i=1 u

m
ijyixi∑n

i=1 u
m
ij

−
∑n
i=1 u

m
ijyi∑n

i=1 u
m
ij

·
∑n
i=1 u

m
ijxi∑n

i=1 u
m
ij

)
,

b0j =

∑n
i=1 u

m
ijyi∑n

i=1 u
m
ij

− b′j

∑n
i=1 u

m
ijxi∑n

i=1 u
m
ij

.

In order to update s2j , we initially have the weighted sample residual vari-
ances

d2j =

n∑
i=1

umij (yi − b0j − x′ibj)2
/ n∑

i=1

umij (7)

as possible candidates. Unfortunately, they may not obey to the desired
constraint (2). A similar procedure to that used in Fritz et al. (2013) is
then needed. In that case, let us consider truncated d2j values given by

[d2j ]t =


d2j if d2j ∈ [t, ct]
t if d2j < t
ct if d2j > ct

, (8)

with t > 0 being a threshold value and c ≥ 1 the value of the constraint on
the error terms variances. These truncated variances do satisfy the required
scatter constraint. An optimal threshold value topt is obtained by taking
into account the aim of maximizing the target function (3). It can be seen
that topt is the value of t minimizing the real-valued function

t 7→
k∑
j=1

p̂j

(
log
(
[d2j ]t

)
+

d2j
[d2j ]t

)
, (9)

with p̂j as given in (4). A closed way to get topt exists by evaluating (9) in
2k+1 points (see the supplementary material). Once this optimal threshold
value is determined, the s2j parameters are finally updated as ŝ2j = [d2j ]opt.

At each step of the algorithm the objective function (3) is increased. See the
online supplementary material for a detailed justification of all these steps.

3 Interpretation and choice of the tuning parameters

The methodology described was designed to be as general as possible. A draw-
back of this is that there are five choices to be done in advance: the number
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of clusters, k, the fuzzifier parameter m, the trimming level α, the bound on
the residual variances ratio c, and whether or not including cluster weights.

Although “clustering” is an “unsupervised learning” method, there is an
increasing global consensus about the fact that it may not be a fully automa-
tized task. The user is supposed to play an active role by specifying the type
of clusters that he/she is particularly interested in (see, e.g., Hennig and Liao
2013). As different choices of parameters yield very different results, this choice
must be guided by the final purpose of the analysis. Discussions on the role of
tuning in robust clustering can be found in Coretto and Hennig (2016).

Note also that parameters are clearly interrelated. For instance, a high
trimming level α could delete smaller clusters and, thus, a smaller number of
groups k may be needed. If we allow for higher cluster variabilities, then some
observations, which may be otherwise considered as noise, may be included
within the main clusters and a smaller k is so needed. Therefore, we do not
think that a fully automatized way to fix simultaneously all these parameters
is to be expected. However, we think that some practical guidelines and helpful
heuristic tools may be given in order to help the user to make this choice. Note
also that fixing some of these parameters may be seen as a way to specify the
type of clusters the user of the clustering method is actually interested in. This
section is aimed at presenting the importance of each parameter choice and
give some guidelines on how to make each decision in practice.

In order to do that, we resort to an illustration based on simple simulated
datasets. We simulate two overlapping two-dimensional linear clusters (i.e.,
p = 1). The first cluster is made of 144 observations where the values taken by
the explanatory variable x1i, i = 1, 2, ..., 144, are generated as an independent
identically distributed (i.i.d.) sample from a uniform distribution in the range
[0, 5]. Conditionally on the x1i values, the corresponding response variable
values are obtained as yi = 1 + 2x1i + ε1i where ε1i are an i.i.d. sample
from a N (0, σ2

1) distribution with σ1 = 0.4. The second cluster is made of
216 observations. In this second cluster, the explanatory variable values x2i,
i = 145, ..., 260, are now generated from a uniform in [0, 4] distribution and
the response variable values yi = 10 − 1.5x2i + ε2i where ε2i ∼ N (0, σ2

2) and
σ2 = 0.6. Additional noisy observations are added to our data set as needed.

It must be pointed out that information criteria (like, e.g., the BIC or AIC)
may be not directly applicable here since these are monotone with respect to
some of the tuning parameters (e.g., the m and α ones). We nevertheless
provide a method for providing a kind of automatic choice of the five tuning
parameters simultaneously, or a subset of them, at the end of this section by
resorting to a pseudo “cross-validation” criterion.

3.1 Including clusters’ weights

Although this is properly not a tuning parameter, choosing to maximize
likelihood (1) or (3) is an important decision to be made. As was commented
in Section 2.1, the maximization of (1) assumes that clusters have equal size
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and, thus, biases the procedure towards the detection of clusters with similar
sizes. In Figure 1 we represented a scenario where there are 40% of the clean
observations in one cluster, 60% in the other one, and let us suppose that
we search for k = 3 clusters. We compare the performance of the proposed
procedure when the weights are kept into account in the likelihood function,
like in equation (3), and when the weights do not appear in the objective
function, like in (1). When the weights pj are taken into account, we are able
to recover the real structure of the data even though we wrongly set k = 3.
Indeed, the cluster sizes obtained (

∑n
i=1 uij) are equal to 0.01, 0.42 and 0.57

(one of them is really close to 0) and two of the three estimated regression
lines are overlapped. On the other hand, the cluster sizes obtained are 0.41,
0.30 and 0.29 when pj weights are not used in the likelihood, which are clearly
biased towards an equal balanced clusters scenario and two almost parallel
clusters are recovered.
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Fig. 1: (a) Robust fuzzy clustering results when k = 3 and pj are used within the objective
function. (b) Results when k = 3 and pj are not used within the objective function.

Therefore, if there are no particular interest in the detection of clusters with
similar sizes, it might be useful to maximize (3) given that clusters with weights
pj close to 0 are obtained if a higher k than needed was wrongly chosen. In
fact, this is the rationale behind the “classification trimmed likelihood curves”
that will be presented in the following subsection.
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3.2 Number of clusters

Parameter k obviously has to do with the number of clusters that the proce-
dure initially looks for. The choice of the number of groups is one of the more
difficult problems in cluster analysis. An underlying issue is the definition of
what a cluster is. In this section we extend a heuristic tool based on monitoring
the maximum value attained by the objective function (3) depending on the
number of clusters k and the trimming proportion α, which has been proposed
in Garćıa-Escudero et al. (2011) for non-fuzzy robust clustering. The “classi-
fication trimmed likelihood curves” (ctlcurve method) can be used to choose
k and α, once that parameters c and m are fixed in advance by the user.
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Fig. 2: (a) A simulated dataset with two linear clusters and a 10% fraction of contamination.
(b) The associated “classification trimmed likelihood curves” when c = 5 and m = 1.5.

In Figure 2,(b), we plot these maximum values attained by the objective
function (3) for different values of the trimming level α and number of groups
k when c = 5 and m = 1.5. We can see a significant improvement (higher
curve values) that happens when increasing k from 1 to 2. No significant im-
provements are detected when k increases from 2 once we discard a proportion
α = 0.1 of the most scattered data points. This figure so suggests k = 2 and
α = 0.1 as a possible sensible choice for k and α (recall that the true contami-
nation level was indeed 10%). A higher k value seems to be needed only when
the trimming level is smaller than α = 0.1. More information about how these
curves can be interpreted can be found in Garćıa-Escudero et al. (2011).
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3.3 Fuzzifier parameter

The fuzzifier parameter m in equations (1) and (3) takes values in the range
[1,+∞) and it regulates the degree of fuzziness of the final clustering. Letting
m → ∞ implies equal membership values uij = 1/k regardless of the data;
while when m = 1 crisp memberships {0, 1} are always obtained and all obser-
vations are hard assigned to one and only one cluster. In fact, if we fix m = 1,
our procedure reduces to the method in Garćıa-Escudero et al. (2010), after
the removal of the proposed second trimming step. Thus, the optimal value
of m depends on the degree of overlap among clusters and on how much the
researcher is prepared to accept and use fuzzy membership values.

It is also very important to take into account that the effect of a fuzzifier
parameter m > 1, for the proposed methodology, is dependent on the mea-
surement scale used for the response variable. In order to see that, we applied
in Figure 3 our procedure to a simulated data set and having different scales
for the response variable. We did so by multiplying the response variable by
s ∈ R+ (i.e. yi is replaced by yi · s) and for each scenario we chose two dif-
ferent values for the fuzzifier parameter: m = 1.5 (a quite standard choice for
the fuzzifier parameter) and m = 1 which implies no fuzzification at all. In
order to graphically represent the degree of fuzzification, we used a mixture
of “red” and “green” colors with intensities proportional to the membership
values of each observation. Additionally, throughout the paper, points flagged
as outlying under the model have been represented by “∗”. Figure 3 shows
that the scale of the response variable leads to changes in the results when
m > 1, while when m = 1 (hard clustering) results are scale independent.

It is not difficult to see that this issue is a shared problem with oth-
ers likelihood-based fuzzy clustering algorithms as Trauwaert et al. (1991),
Rousseeuw et al. (1996) and Gath and Geva (1989). To our knowledge, this
has been noted so far only in Fritz et al. (2013). Note also that no additional
problems appear due to the residual variance terms constraint as long as (2)
is equivariant with respect to scale changes in the response variable.

Our proposal for choosing the m parameter is to monitor simultaneously
the following two quantities: the proportion of hard assignments and the rel-
ative entropy of the fuzzy weights. The proportion of hard assignments (or
approximately hard assignments) has to do with the size of the cluster “cores”
(i.e., the proportion of observations undoubtedly assigned to clusters). For cer-
tain applications, it is clearly interesting to have as higher as possible percent-
age of observations within these cores. The relative entropy measures residual
uncertainty in cluster assignments, and it is proposed to be computed as

k∑
j=1

n∑
i=1

uij log uij

/
[n(1− α)] log(k). (10)

There is a clear trade-off between the proportion of hard assignments and
the relative entropy. These two criteria cannot be simultaneously controlled
by moving parameter m but the user can set m by considering a kind of
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Fig. 3: Different degrees of fuzzification obtained for different scale values s (yi is replaced
by yi · s). m = 1.5 and s = 0.5 in (a); s = 1 in (c); s = 10 in (e); s = 32 in (g). m = 1 (hard
clustering) and s = 0.5 in (b); s = 1 in (d); s = 10 in (f); s = 32 in (h).

“compromise” between these two opposite goals. The user may also change
the response variable measurement scale in cases in which the proportion of
hard assignments is basically constant with respect to m.

Figure 4 shows the proportion of hard assignments and the relative entropy
as a function of m in our simulated example. We did so by repeatedly applying
our procedure for different values of m. These plots suggest interesting m
parameter values as those shown in Figure 3. These type of plots are useful to
avoid extreme situations (very large degrees of fuzziness or zero proportions
of hard assignments) and to explore the underlying degree of overlap.
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Fig. 4: Left panels: relative entropy of the fuzzy weights, “×”, proportion of hard assign-
ments, “◦”, as a function of scale; (a) s = 0.5. (c) s = 1 (e) s = 10. (g) s = 32. Right
panels: clustering obtained for specific values of m through (b) s = 0.5, m = 2.2. (d) s = 1,
m = 1.8. (f) s = 10, m = 1.6. (h) s = 32, m = 1.4.

3.4 Constraints on the residual variances

An important feature is that no cluster homoscedasticity assumption is
made when c > 1. This is a novel feature as in many fuzzy switching regres-
sion models (see, e.g., Hathaway and Bezdek 1993; Kuo-Lung et al. 2009) the
residual variances are not kept into account and clusters are (implicitly or
explicitly) assumed to be homoscedastic. In the “crisp” switching regression
literature heteroscedasticity has already been considered in DeSarbo and Cron
(1988) and Leisch (2006).
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In order to give a brief illustration of how much clustering results might
change by allowing for homoscedastic residuals, we compare in Figure 5 esti-
mates based on c = 1 and c = 5 in two different heteroscedastic scenarios. To
be more precise, we use the simulation scheme as before but with σ1 = 0.4
and σ2 = 0.6 in (a) and (b) and σ1 = 0.2 and σ2 = 1 in (c) and (d). In Figure
5,(a), the residual variances are correctly estimated when c = 5 and classifica-
tion is very good as only 18 observations out of 360 are wrongly classified. On
the other hand, in Figure 5,(b), we run the procedure on the same data set
but after fixing c = 1. The estimated residual variances are now forced to be
equal and 3 additional observations are misclassified. In panels (c) and (d), we
repeated this experiment, but with an increased difference in the underlying
variances. In Figure 5,(c) we still have 18 misclassified observations when c = 5
but in (d), where c = 1, we have 32 misclassified observations.
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Fig. 5: Estimated robust fuzzy clustering for different c values in two (less and more) het-
eroscedastic data sets. c = 5 is used in (a) and (d) and c = 1 in (b) and (d). The plotted
bands are obtained by adding ±2ŝj to each fitted regression line.

One would be tempted to set a large value for the constraint limit c, but
too large values might be associated with spurious maximizers. In the fol-
lowing example we add a small proportion of almost collinear points (points
that approximately lie on the same hyperplane) that form a spurious cluster
(McLachlan and Peel 2000). We have applied the proposed methodology with
k = 2 and constraints on the residual variances, with k = 2 without constraints
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(almost unconstrained with c = 1010) and with k = 3 and constraints. The
results obtained can be seen in Figure 6. We can see that these few almost
collinear points are detected as a new additional cluster in Figure 6,(c). How-
ever, when k = 2, we clearly can see that the cluster partition shown in (a) is
surely a more sensible one that the one shown in (b) where no constraints to
avoid spurious solutions have been incorporated.
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Fig. 6: (a) FTCR with c = 5 and k = 2. (b) FTCR with c = 1010 and k = 2. (c) FTCR
with c = 1010 and k = 3.

3.5 Trimming level

One of the main features of our approach is that a proportion α of observations
is trimmed and does not contribute to clustering or to parameter estimation.
In general, if α is too low there is an high risk of “masking”, with outliers used
for estimation and loss of robustness. If α is too large, there is an high risk
of “swamping”, with good observations discarded and loss of efficiency. Our
experience is that a slightly higher than needed α value is not dangerous (at
least) in terms of the estimation of regression parameters.

There are several methods to choose the trimming level (see Farcomeni
and Greco (2015) for a deep discussion on this point), and the use of ctlcurves
as outlined above has proved to be intuitive and effective. An alternative ap-
proach for robust fuzzy regression clustering is to plot r[n(1−α)] against the
trimming level α, where r(1) ≤ r(2) ≤ ... ≤ r(n) are the sorted ri values that
were introduced in (5). These ri values are the individual contributions of
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our n observations to (3). Given a candidate trimming level α0, we apply
the proposed methodology to obtain optimal regression and optimal member-
ship values. We then plot the associated {α, r[n(1−α)]} curve. Our proposal
is to consider α0 as a sensible choice for the trimming level if this curve in-
creases quickly when α < α0 but slowly when α ≥ α0. The idea is that after
all outliers have been removed, the individual contributions to the likelihood
r[n(1−α)] for two observations must be essentially the same when considering
similar α values. We show these curves different candidate α0 values (α = 0.2,
0.1 and 0.05) in the left. Figure 7,(a), clearly shows that when α0 = 0.2 too
many observations have been trimmed. This can be seen in panel (b) as the
individual contributions to the likelihood have stabilized for much smaller val-
ues of α than α0 = 0.2. On the other hand, panel (e) clearly shows that not
enough observations have been trimmed with α0 = 0.05. This can be also
seen in panel (f) as the individual contributions are still increasing quickly
when α = α0 = 0.05 and, hence, there still are outliers available for trimming.
Finally, α = 0.1, the true underlying contamination level, is a fine choice.

3.6 Automatically choosing all parameters

In the proposed method many tuning parameters are involved, and the choices
are intertwined (that is, the optimal α depends on the chosen k, and so on). A
user might not be willing to spend time exploring the data, or prior information
might not be strong enough to guide the choice. We propose here a pseudo
cross-validation method which we have found promising for choosing a good set
of parameters. This will be demonstrated for some simulated data sets in the
online supplementary material. Cross-validation in unsupervised learning is
slightly more complicated than the supervised framework, as no measurement
of the target outcome is available. For a general discussion see Perry (2009)
and references therein. In our framework, the user has no choice other than
checking stability. We proceed as follows: we fix a grid of candidate tuning
parameters. For each combination of tuning parameters, we randomly select
a subset of observations (e.g., 50 or 75% of them), fit the model, and record
the Euclidean distance of the estimated intercepts and slopes from estimates
based on the full data. We then repeat several (e.g., 100) times and use the
mean or median Euclidean distance as a measures of stability. The Adjusted
Rand Index (Hubert and Arabie 1985) can be also applied as stability measure.
The “optimal” combination of parameters is that yielding the highest possible
stability.

Different users may be interested in different clustering partitions depend-
ing on their final data-analysis purposes. We believe that we can surely find
a sensible partition by a careful examination of a (typically reduced) list of
those partitions having the best pseudo cross-validation criterion. This careful
examination can be done by applying the heuristic tools already presented in
this section.
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Fig. 7: Proposed methodology for choosing α applied to 3 different candidate α0 values.
α0 = 0.2 is considered in (a) and (b), α0 = 0.1 in (c) and (d), and, α0 = 0.05 in (e) and (f).
The associated robust regression clusters are shown in the left panels while the curves with
the individuals contributions are shown in the right ones.

4 Real Data Example

Allometry studies the relationships between biometric measurements in hu-
mans, animals, and plants. Clusterwise regression is particularly useful for
allometric studies since relations between biometric measurements are often
linear or close to linear, possibly after transformation, and additionally there
might be different relationships according to other variables which might not
even be measured. For instance, the relationship between head circumference
and height in humans is different at different age classes. In our experience,
groups are seldom perfectly separated and overlapping may hinder the true
relationships if not properly taken into account (e.g., through fuzzy weights).
Additionally, outlying biometric measurements are often present.

We illustrate based on an example already considered in Garćıa-Escudero
et al. (2010), where sharp clusterwise regression was implemented. Here we im-
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plement fuzzy clusterwise regression, showing that use of fuzzy weights leads
to better clustering and better understanding of bridge points between clus-
ters. Data is made of 362 measurements of height and diameter of Pinus Nigra
trees located in the north of Palencia (Spain). We aim to explore the linear
relationship between these two quantities. Our explanatory variable is “diam-
eter”, while the outcome is “height”. This is justified by the fact that roughly
measuring the diameter of a tree is extremely simple, while measuring the
height is expensive as the tree must be climbed or at least measured with
more complex tools and by a team of operators. Hence a reliable way of pre-
dicting the height from the diameter would be cost-effective. The diameter
and height can be used to roughly estimate the age and the volume (that is,
the amount of wood) of each tree.

The scatter plot in Figure 9 clearly shows that there should be three ap-
proximately linear groups, and an isolated group of outliers. To confirm this
we use both our heuristic and automatic methods for choosing the tuning pa-
rameters. By using the ctlcurves, Figure 8,(a) suggests k = 3 and α0 = 0.04.
This trimming level is confirmed in panel (b), where we show the individual
contributions to the likelihood when α = 0.04. Finally, from panel (c), we see
that the proportion of hard assignments decreases sharply for m > 1.3. This
makes us set m = 1.3.
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Fig. 8: Pinus Nigra example. (a) ctlcurves. (b) individual contributions to the likelihood as
a function of α when α0 = 0.04. (c) relative entropy, plotted with “×”, and proportion of
hard assignments, plotted with “◦”, as a function of m.

Finally, it shall be noted that the tuning parameters chosen with our pro-
posed automatic method based on pseudo cross-validation are k = 3, m = 1.3,
α = 0.04 and c = 25. There is substantial agreement between heuristics and
automatic tuning, and these are the parameters we use in the following.
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In Figure 9, we apply four procedures: the fuzzy c-means regression method
in (a); our method without trimming in (b), the A-cReg method in (c), and, our
proposal (trimming and constraints) in (d). It can be seen that the untrimmed
procedures are not able to detect the most likely underlying linear relation-
ships, as the small isolated groups of observations have a direct influence on
one of the clusters, and an indirect one on the other two. A very large coeffi-
cient is estimated for the group including the isolated outliers, while another
group includes too many observations with many fuzzy memberships. On the
other hand, by trimming as few as 15 observations, we recover quite nicely
the linear structures. A similar result is obtained with A-cReg (the alternative
fuzzy c-regression clustering, Kuo-Lung et al. 2009), but at the price of a longer
computational time. The FTCR procedure (and similarly A-cReg) give a good
proportion of hard assignments, indicating that the estimated clusters are well
separated. There is also a fair proportion of fuzzy cluster assignments, which
might mislead interpretation if hard assigned to one of the clusters. The FTCR
procedures formally detects outliers while A-cReg gives uij = 1/k member-
ship values. More distant outliers, as seen in simulations, might lead the two
procedures to behave differently. In Figure 9, observations with the highest
degrees of fuzziness (i.e. those with maxj uij ≤ 0.95) are plot with the symbol
“◦”. It can be also seen that the untrimmed procedures are not able to detect
the most likely underlying linear relationships even if one additional cluster
(i.e., k = 4) is used. This is shown in the online supplementary material.

A clear interpretation for the three clusters is that pines are sampled in
three different zones. It can be seen that three almost parallel lines are ob-
tained, indicating a similar relationship between diameter and height within
the three zones. We can therefore speculate that environmental conditions
(e.g., quota, rainfall, sun exposure) are similar in the three zones, but that im-
migration of the species has occurred in different times; where in the “green”
zone trees are older (and therefore bigger) and the most recent colonization
(with younger and smaller trees) has occurred in the “blue” zone. Addition-
ally, outliers can be easily justified since they are trees of a different species
which seems to be misclassified as “Pinus Nigra”.

5 Conclusions and further developments

We have proposed a procedure for robust fuzzy regression clustering. The
procedure can resist to different types of contamination, still being efficient in
parameter estimation. When there is overlap between groups (and m is well
calibrated), observations receive fractional membership values. On the other
hand, observations that are well separated are hard assigned to a cluster and
form the cluster core. Finally, observations far from any cluster are trimmed.
The updating algorithm is based on closed form expressions. This avoids us
the use of numerical maximization routines, with obvious advantages in terms
of computational complexity.
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Fig. 9: Pinus Nigra example: clustering results of the cReg method in (a). Fuzzy “CEM”
(untrimmed) results in (b). Results of the A-cReg method in (c). Results of the FTCR
method in (d). Circled observations are the assignments where the highest degree of fuzziness
are achieved (as explained in the text).

As often happens with robust procedures, tuning is required in order to
obtain sensible results. We have described some heuristical tools that we found
useful for satisfactory tuning. We have also briefly outlined a new method,
based on pseudo cross-validation. We have provided some initial evidence that
the method might provide reasonable results, but a full exploration of its
properties and performance is beyond the scope of this paper. We leave it
for further work. As another further direction for research, the robustness’
properties of the procedure could be extended in order to guarantee robustness
against the effect of entry-wise outliers. In order to perform this improvement,
instead of applying trimming to a fixed proportion of observation, snipping
techniques, like the one proposed in Farcomeni (2014a) and Farcomeni (2014b),
may be applied. Additionally assessing the goodness of fit of the procedure
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may be necessary and meaningful results might be obtained for instance by
extending one of the robust tests proposed in Cerioli and Farcomeni (2011)
and Cerioli et al. (2013).
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