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Riassunto: Si dimostra che il metodo classico di controllo del False Discovery Rate
(FDR) rimane asintoticamente valido nel caso di dipendenza tra le statistiche test, sotto
ampie ipotesi. Seguendo Genovese and Wasserman (2001), proponiamo inoltre un metodo
di aumento della potenza dei test, utilizzando uno stimatore iterativo della proporzione di
ipotesi nulle false. I risultati vengono illustrati tramite simulazione.
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1. Introduction

In a breakthrough paper, Benjamini and Hochberg (1995) proposed a new error measure,
the False Discovery Rate (FDR) to be used in multiple testing; and a method of control-
ling this new measure. If the test statistics are independent, they proved the method allows
for a sufficiently low number of false rejections, while being more powerful than other
classical methods, like the well known Bonferroni correction. Benjamini and Yekutieli
(2001) discovered conditions under which the technique works under dependence. Un-
fortunately, these are not easy to check. In this paper we prove that, as the number of tests
grows, very broad conditions on the dependence of the variables are enough to make the
classic procedure work. We also propose a way for improving the classic method under
dependence, using an iterative estimator of the proportion of false null hypotheses.

2. Background

Consider a multiple testing situation in which m tests are being performed. Suppose m0

of the m hypotheses are true, and m1 are false. Table 1 shows a categorization of the
outcome of the tests. R is the number of rejections. Note that N1|0 and N0|1 are the exact
(unknown) number of errors committed, respectively false positives and false negatives.
N1|1 and N0|0 are respectively the number of hypotheses correctly rejected and correctly
retained.
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Table 1: Categorization of the outcome

H0 not rejected H0 rejected Total
H0 True N0|0 N1|0 m0

H0 False N0|1 N1|1 m1

Total m−R R m

In the frequentist framework, one controls the probability of Type I error (i.e., false
rejection) of each test at a certain level (say, 0.05). When more than one hypothesis is
verified simultaneously, this can result in an unsatisfactory number of false rejections.
Hence the simultaneity must be taken into account, and a different error measure must
be considered. Traditional methods for multiple testing, like the well known Bonferroni
correction, attempted control on the Family-wise error rate (FWER), i.e., P (N1|0 > 0).
FWER proves to be too strict as an error measure. Especially when the number of tests is
big, the power of each one will be very low: in order not to make false rejections, less and
less are made, even if the evidence against the null hypothesis is strong. In particular, asm
grows to infinity, no hypothesis will be rejected, no matter whether it is true or false. Note
that there are many areas of application in which usually the number of hypotheses is in
the order of the thousands, like fMRI (brain imaging) or analysis of DNA micro-arrays.

Benjamini and Hochberg (1995) define the FDR as the expected proportion of incor-
rect rejections, i.e., E[

N1|0
R+1{R=0}

], where 1{·} is the indicator function. They argue that
control on the FDR is also a loose control on the FWER (it actually is FWER when
R = 1), and that each test will have a much higher power. Since then, many procedures
have been proposed to control the FDR.

The setting is as follows: call pi the test statistic computed for the i-th hypothesis. The
test statistic will usually be a p-value (i.e., the probability of an opportune statistic being
bigger than its observed value under the null). Suppose we reject the i-th hypothesis if pi
is smaller than a certain t ∈ (0, 1), so that Ii = 1{pi<t} will be equal to 1. The problem
here is to set a threshold t that will ensure that the FDR is below a pre-specified level ρ.
Typically, ρ will be taken to be 0.05. Let Hi = 1 if the ith null hypothesis is false, and
a = m1/m. Note that the proportion of incorrect rejections as a function of the threshold t
defines the process Γ(t) =

∑
(1−Hi)Ii∑

Ii+
∏

(1−Ii) .Define Ĝ(t) = 1
m

∑
Ii, the empirical distribution

of the p-values. The methodology was put under the empirical process framework by
Genovese and Wasserman (2002). The classical Benjamini and Hochberg (BH) method
fixes the threshold t = TBH as sup{s : Ĝ(s) = s

ρ
}, where ρ is the desired upper bound

for the FDR. The plug-in method fixes t = TPI as sup{s : Ĝ(s) = (1−â)s
ρ
}, where â

is a suitable estimator for a. Obviously, if a is known, the optimal plug-in threshold is
t = TO = sup{s : Ĝ(s) = (1−a)s

ρ
}. The most common estimator for a is Storey’s

estimator, proposed in Storey (2002), defined as: â = Ĝ(t0)−t0
1−t0 for some t0 ∈ (0, 1). The

BH method yields an FDR ≤ (1− a)ρ; while the plug-in method is asymptotically less
conservative, with an FDR ≤ ρ, thus being more powerful. Note that these methods are
all distribution free, and assume the test statistics are independent. In many applications
the assumption of independence is not easily made: for instance, in fMRI, it is well
known that the neuronal activity in a spot of the brain must be dependent on the activity
in the proximities. Storey and Siegmund (2003) present several theorems that all require
almost sure point-wise convergence separately of the empirical distributions of the null



p-values and alternative p-values. Here we use broad conditions on the whole sequence of
p-values to prove the validity of the FDR control methods under dependence, and provide
asymptotic distributional results.

3. Asymptotic Validity of the Plug-in Method Under Dependence

We will show that under conditions of α-mixing for the p-value sequence, the plug-in
procedure (with a good estimator of a) will control the FDR at the desired level ρ. See
Doukan (1994) for an extensive discussion on mixing. This is a generalization of some of
the results from Genovese and Wasserman (2001).

Theorem 1 Let {pi}i∈N be a random sequence of p-values from tests. Assume Pr(pi <
t|Hi = 1) ∼ F (t), where F is arbitrary on [0, 1] apart from Uniform, and m1/m→ a as
m → ∞. Let α(n) be the α-mixing coefficients for the p-value sequence. Assume there
exists δ > 0 such that

α(n) ≤ Cn−3−δ, (1)

for some constant C. Assume the quantity a is known.
Then, E[Γ(TO)] = ρ+ oP (1). 3

Note that if a is unknown and â is a consistent estimator of a, under the same assump-
tions of Theorem 1, E[Γ(TPI)] = ρ + oP (1). If â is conservative as m grows (i.e.,
â ≤ a), E[Γ(TPI)] ≤ ρ + oP (1). This implies the result for the BH method, for which
clearly â = 0. Note that α-mixing is a broad hypothesis on the dependence of a sequence
of random variables, which will be implied by other well known kinds of dependence;
like m-dependency, gaussianity with decaying covariance, etc. Figure 1 shows the FDR
simulated for arrays of m = 10000, 1600 and 100 normal random variables, with slow
decaying correlation, as a function of the proportion of true nulls4. We want to see here if,
as it is suggested by the Theorem, the procedures work under dependence; and what is the
effect of the number of tests m. The first panel shows the outcome of the classic method.
We can see that the simulated FDR is always well below level (1−a)ρ. The second panel
shows that under dependence the plug-in method, using Storey’s estimator to estimate the
proportion of false nulls a, doesn’t always bring FDR below level ρ. We propose here an
iterative, estimator; computed in this way: at the first step, take â = 0. In the following
steps, apply a plug-in method using the proportion of rejected hypotheses in the previous
step as an estimator of a; until the estimator is the same in two subsequent iterations. It is
easy to prove that the number of iterations is finite almost surely. The third panel shows
the results for the plug-in method using our iterative estimator. The FDR is always well
below level ρ. This implies that our iterative estimator is, if not consistent, at least robust
with respect to dependence. In summary, in case of weak dependence, both the classical
BH method and the plug-in method (with our iterative estimator) asymptotically control
the FDR at the desired level.

3Note that TO is a random value, so that Γ(TO) is a random process evaluated at a random point.
4Same results for all three cases in Figure 1 have been observed simulating Student’s T random vari-

ables.



Figure 1: FDR simulations under dependence (line = FDR level, x = 10000 r.v., + =
1600 r.v., ♦ = 100 r.v.)
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