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Riassunto: Per l'analisi di dati categorici longitudinali, viene proposta un'estensione
multivariata del modello logistico dinamico. Il modello permette di utilizzare diversi
tipi di logit e log-odds ratio per parametrizzare la distribuzione delle variabili risposta
(ciascuna delle quali pu�o essere ordinale o non ordinale) in funzione delle covariate, di
un vettore di effetti non osservabili e delle variabili risposta ritardate. Gli effetti non
osservabili possono variare nel tempo sulla base di una catena di Markov del primo
ordine. Per la stima dei parametri del modello viene proposto un algoritmo di tipo
EM e viene trattato il problema della selezione del numero di stati e della veri�ca di
ipotesi. L'approccio �e illustrato tramite l'analisi di dati longitudinali riguardanti fertilit�a e
partecipazione al mercato del lavoro di un campione di donne.
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1. Introduction

In many economic, medical and sociological studies, multivariate categorical data having
a longitudinal structure arise. When these data are analysed, the interest is usually in
estimating: (i) the effect of exogenous covariates on each response variable; (ii) the effect
that experiencing a certain situation in the past has on the probability of experiencing
the same situation in the future (state dependence effect, see Heckman, 1981); (iii) the
strength of the association between the response variables. Effective estimation of these
effects necessarily requires to account for the unobserved heterogeneity between subjects.
This characterizes the most common statistical and econometric models for longitudinal
data; see, among others, Diggle et al. (2002) and Hsiao (2005).

In the univariate binary case, the dynamic logit model allows us to estimate effects (i)
and (ii) above in a proper way. For a sample of n subjects observed at T + 1 occasions,
this model assumes that

log
p(yit = 1|αi,xit, yi,t−1)

p(yit = 0|αi,xit, yi,t−1)
= αi + x′itβ + yi,t−1γ, i = 1, . . . , n, t = 1, . . . , T,

where yit denotes the binary response variable for subject i at time t and xit is the
corresponding vector of strictly exogenous covariates. The subject-speci�c parameters
αi capture the unobserved heterogeneity between subjects, so that γ provides a measure
of the state dependence effect. Given the presence of the lagged response variable among
the regressors, the dynamic logit model may be considered as a transition model in the
sense of Molenberghs and Verbeke (2004).



In this paper, we propose a model for multivariate categorical longitudinal data which
may be seen as an extension of the dynamic logit model. In the proposed extension,
unobservable heterogeneity between subjects is represented by a vector of subject-speci�c
parameters which are time-varying and follow a �rst-order Markov chain. In contrast, the
dynamic logit model is based on the assumption that the subject-speci�c parameters are
time-constant. This assumption may be restrictive in several situations, especially when
the same subjects are followed for a long period of time. Moreover, to parameterize the
conditional distribution of the vector of the response variables, given the covariates, the
lagged response variables, and the subject-speci�c parameters, we rely on a family of
multivariate link functions formulated following the approach of Colombi and Forcina
(2001), which extends that of Glonek (1996). This family is akin to the multivariate
logistic transform of Glonek and McCullagh (1995) and, as such, allows us to parametrize
the conditional distribution of the response variables on the basis of marginal logits and
marginal log-odds ratios of different types, so as to suit at best the nature of the data.

For the maximum likelihood (ML) estimation of the parameters of the proposed model,
we outline an EM algorithm (Dempster et al., 1977) which uses certain recursions taken
from the hidden Markov literature (MacDonald and Zucchini, 1997). We also describe
a method to compute the observed information matrix of the model; this matrix can be
exploited to compute standard errors for the parameter estimates. Finally, we deal with
the problem of selecting the number of latent states and we discuss likelihood ratio testing
of hypotheses on the model parameters. The approach is illustrated by an application to
a dataset, derived from the Panel Survey of Income Dynamics (PSID), regarding fertility
and labor market participation of a sample of women.

The paper is organized as follows. In the next section we describe the proposed model.
Likelihood inference for this model is outlined in Section 3, whereas in Section 4 we
illustrate the application to the PSID dataset. A preliminary version of the approach
presented here is available in Bartolucci and Farcomeni (2007).

2. Proposed model

Let yhit, h = 1, . . . , r, i = 1, . . . , n, t = 0, . . . , T , denote the hth response variable for the
ith subject at the tth occasion and let yit = (y1it, . . . , yrit)

′ denote the corresponding
response vector. The basic assumptions of the proposed model are that: (i) for t =
2, . . . , T , yit is conditionally independent of yi0, . . . , yi,t−2 given yi,t−1, a latent process
αi1, . . . , αiT and the covariates in xi1, . . . , xiT ; (ii) this latent process follows a �rst-
order Markov chain which is time-homogenous. In the following, we describe in detail
the parametrization of the distribution of the response vectors and of the latent process
which is adopted.

In order to parametrize the distribution of each yit given αit, xit and yi,t−1,
we use the family of multivariate link-functions proposed by Colombi and Forcina
(2001). In particular, we parametrize the column vector p(αit, xit,yi,t−1), with
elements p(yit|αit,xit,yi,t−1) for each possible con�guration of yit, by the vector
η(αit,xit,yi,t−1) which contains: (i) marginal logits for each response variable of local,
global or continuation type; (ii) marginal log-odds ratios for each pair of response
variables de�ned according to the types of logit; (iii) higher-order interactions of log-



linear type. This vector of effects may be expressed as

η(αit,xit,yi,t−1) = C log[Mp(αit,xit,yi,t−1)], (1)

with C being a matrix of contrasts and M a matrix with elements equal to 0 or 1, which
may be constructed by a series of Kronecker products. The possibility of using different
types of logits and log-odds ratios allows us to deal with ordinal and non-ordinal response
variables. For instance, with ordinal response variables, logits of global or continuation
type may be used, whereas logits of local type may be used with non-ordinal variables.
We then extend the approaches of Ten Have and Morabia (1999) and Todem et al. (2007)
to general categorical responses. It is worth noting that the transformation in (1) is a one-
to-one function of p(αit,xit,yi,t−1) which may be inverted by a simple Newton algorithm
or, in particular cases, by an explicit formula.

In order to relate η(αit,xit, yi,t−1) to the covariates and the lagged response
variables, we split this vector in the subvectors η1(αit,xit,yi,t−1), η2(αit,xit,yi,t−1)
and η3(αit, xit,yi,t−1) which contain, respectively, marginal logits, marginal log-odds
ratios and higher-order effects. We then assume that, for i = 1, . . . , n and t = 1, . . . , T ,

η1(αit,xit,yi,t−1) = αit + X itβ + Y i,t−1γ,

η2(αit,xit,yi,t−1) = δ,

η3(αit,xit,yi,t−1) = 0,

where X it and Y i,t−1 are suitable design matrices de�ned on the basis of, respectively,
xit and yi,t−1. Moreover, β, γ and δ are vector of parameters and 0 denotes a column
vector of zeros of suitable dimension. Note that the dimension of αit corresponds to the
number of the marginal logits.

Finally, concerning the latent Markov chain αi1, . . . , αiT , we assume that it has k
states, denoted by ξ1, . . . , ξk, initial probabilities λc(yi0) = p(αi1 = ξc|yi0), c =
1, . . . , k, and transition probabilities πcd = p(αit = ξd|αi,t−1 = ξc), c, d = 1, . . . , k,
t = 2, . . . , T , collected in the matrix Π. In order to overcome the initial condition
problem (Wooldridge, 2000), the probabilities λc(yi0) are allowed to depend on the initial
observation through the multinomial logit parametrization

ψ(yi0) = Y i0φ,

where ψ(yi0) is the (k−1)-dimensional column vector of the logits log[λc(yi0)/λ1(yi0)],
c = 2, . . . , k, Y i0 is a design matrix de�ned according to yi0 and φ is the corresponding
vector of parameters.

3. Likelihood inference
3.1. Estimation

For a given k, the regression parameters β and γ, together with the association parameters
δ, the parameters φ involved in the model for the initial probabilities of the latent process
and the states ξ1, . . . , ξk and the transition matrix Π of this process, are estimated by
maximizing the log-likelihood

`(θ) =
∑

i

log[p(yi1, . . . , yiT |xi1, . . . , xiT ,yi0)], (2)



where θ is a short hand notation for all these parameters. The probabilities in (2) may be
ef�ciently computed by an adaptation of certain recursions taken from the hidden Markov
literature (MacDonald and Zucchini, 1997); see also Bartolucci (2006).

We maximize `(θ) by using a version of the EM algorithm (Dempster et al., 1977)
which alternates the following steps until convergence:

• E-step: compute the conditional expected value of the complete data log-likelihood
(i.e. the log-likelihood that we could compute if we knew the latent state of each
subject at every occasion) given the current estimate of θ, denoted by θ̃, and the
observed data;

• M-step: maximize the expected value above with respect to θ.

Let witc denote a dummy variable equal to 1 if subject i is in latent state c at occasion t
(i.e. αit = ξc) and to 0 otherwise. The complete data log-likelihood may be expressed as

`∗(θ) =
∑

i

{ ∑
c

wi1c log[λc(yi0)] +

+
∑

c

∑

d

zicd log(πcd) +
∑

t

∑
c

witc log[p(yit|αit = ξc,xit, yi,t−1)]

}
,

where zicd =
∑

t>1 wi,t−1,cwitd is equal to the number of times subject i moves from
state c to state d. The conditional expected value of `∗(θ) computed at the E-step has
the same expression as above in which we substitute the variables witc and zicd by the
corresponding expected values

w̃itc(θ̃) = p(αit = ξc|xi1, . . . , xiT ,yi0, . . . , yiT ), (3)
z̃icd(θ̃) =

∑
t>1

p(αi,t−1 = ξc,αit = ξd|xi1, . . . , xiT ,yi0, . . . , yiT ), (4)

with the posterior probabilities in (3) and (4) evaluated at θ = θ̃. Ef�cient computation
of these probabilities may also be carried out by certain recursions taken from the hidden
Markov literature. The conditional expected value of `∗(θ) is denoted by ˜̀∗(θ|θ̃).

At the M-step, ˜̀∗(θ|θ̃) is maximized by separately maximizing its components:

˜̀∗
1(φ|θ̃) =

∑
i

∑
c

w̃i1c(θ̃) log[λc(yi0)],

˜̀∗
2(Π|θ̃) =

∑
i

∑
c

∑

d

z̃icd(θ̃) log(πcd),

˜̀∗
3(β,γ, δ|θ̃) =

∑
i

∑
t

∑
c

w̃itc(θ̃) log[p(yit|αit = ξc,xit, yi,t−1)].

An explicit solution is available to maximize the second one, that is

πcd =

∑
i z̃icd(θ̃)∑

i

∑
c z̃icd(θ̃)

, c, d = 1, . . . , k.

Moreover, standard iterative algorithms of Newton-Raphson type may be used to
maximize ˜̀∗

1(φ|θ̃) and ˜̀∗
3(β,γ, δ|θ̃).



The ML estimate of θ, denoted by θ̂, is the value of this parameter vector at
convergence of the EM algorithm. As typically happens in estimating latent variable
models, the log-likelihood may be multimodal and the value at convergence may depend
on the starting values of the algorithm which, consequently, need to be carefully chosen.
In any case, trying different starting values for the algorithm is necessary to be sure that
θ̂ corresponds to the global maximum of `(θ).

A �nal point concerns the computation of the observed information matrix that we
use to check local identi�ability of the model and to compute the standard errors for the
parameter estimates. We obtain this information matrix as minus the numerical derivative
of the score vector s(θ). The latter corresponds to the �rst derivative of ˜̀∗(θ|θ̃) with
respect to θ, evaluated at θ̃ = θ; this derivative is used during the M-step to update the
estimate of θ.

3.2. Choice of the number of latent states and hypothesis testing

Following the literature on latent variable and �nite mixture models, see in particular
McLachlan and Peel (2000, Ch. 6), we rely on the Akaike Information Criterion (AIC)
and the Bayesian Information Criterion (BIC) to choose k, the number of latent states of
the proposed model. According to the �rst criterion, we choose the number of states
corresponding to the minimum of AIC = −2`(θ̂) + 2g, with g being equal to the
number of non-redundant parameters. Similarly, the second criterion is based on the
index BIC = −2`(θ̂) + g log(n). When AIC and BIC give different answers in terms of
number of states, we prefer to rely on AIC. In fact, this criterion tends to choose a higher
number of states and then a better approximation of the true latent process, which is not
necessarily discrete, is guaranteed.

Once the number of latent states has been chosen, it may be interesting to test certain
hypotheses on the parameters in θ. Under the usual regularity conditions and when
the hypothesis of interest is that one regression coef�cient in β or γ or one association
parameter in φ is equal to 0, we can use a Wald test statistic based on the standard errors
computed as indicated at end of the previous section. More generally, a hypothesis on θ
my be tested by the likelihood ratio (LR) statistic D = −2[`(θ̂0)− `(θ̂)], where θ̂0 is the
ML estimate of θ under the hypothesis of interest, which may be computed by the same
EM algorithm previously illustrated.

A hypothesis of particular interest is that the transition matrix is diagonal. Rejecting
this hypothesis implies that the unobserved factors affecting the response variables are
not time-constant and then conventional models, such as the dynamic logit model, are not
suitable for the data at hand. To test this hypothesis we can still use the LR statistic D, but
its null asymptotic distribution is no longer of chi-squared type since a boundary problem
occurs. By extending the results of Bartolucci (2006), we can prove that in this case D
has null asymptotic distribution of chi-bar-squared type, i.e. a mixture of chi-squared
distributions with suitable weights (Shapiro, 1988).

3.3. Prediction of the response vector and path prediction

Once the model has been �tted, it is usually of interest to predict the response vector for
subject i at time t on the basis of the vector of covariates xit and the lagged response vector
yi,t−1. A natural way to predict this response vector, denoted by ŷit, is by maximizing



with respect to y the manifest probability

p(yit = y|xit,yi,t−1) =
∑

c

p(yit = y|αit = ξc, xit,yi,t−1)p(αit = ξc|yi0),

once it has been computed on the basis of θ̂, the ML estimate of θ.
A related problem is that of predicting the sequence of latent states for subject i, which

corresponds to the maximum with respect to c1, . . . , cT of the posterior probability

p(αi1 = ξc1 , . . . , αiT = ξcT
|xi1, . . . , xiT ,yi0, . . . , yiT ).

The predicted path is denoted by ĉi1, . . . , ĉiT and may be obtained by the Viterbi algorithm
(Viterbi, 1967). This algorithm makes use of the following quantities:

ρi1(c) = p(αi1 = ξc,yi1|xi1,yi0)

ρit(c) = max
c1,...,ct−1

p(αi1 = ξc1 , . . . , αi,t−1 = ξct−1
, αit = ξc,yi1, . . . , yit|xi1, . . . , xit,yi0),

for c = 1, . . . , k and t = 2, . . . , T . Each probability ρi1(c) may be simply computed
as λc(yi0)p(yi1|αi1 = ξc,xi1), whereas for the other quantities we can use a forward
recursion based on the following rule:

ρi,t+1(d) = p(yi,t+1|αi,t+1 = ξd,xi,t+1) max
c

[ρit(c)πcd], d = 1, . . . , k.

Once the quantities ρit(c) have been computed for t = 1, . . . , T and c = 1, . . . , k on the
basis of θ̂, the Viterbi algorithm predicts the optimal sequence ĉi1, . . . , ĉiT by following a
backward recursion in which:

• ĉiT is found by maximizing ρiT (c) with respect to c;
• for t = T − 1, . . . , 1, ĉit is found by maximizing ρit(c)πc,ĉi,t+1

, again with respect
to c.

4. Analysis of the PSID dataset

We illustrate the proposed model by analyzing a dataset obtained from the PSID database,
which concerns n = 1446 women resident in USA who were followed from 1987 to 1993.
There are two binary response variables: fertility (indicating whether a woman had given
birth to a child in a certain year) and employment (indicating whether she was employed).
The covariates are: race (dummy variable equal to 1 for a black woman), age (in 1986),
education (year of schooling), child 1-2 (number of children in the family aged between
1 and 2 years), child 3-5, child 6-13, child 14-, income of the husband (in dollars). We
also include a dummy variable for each year.

On these data, we �tted the proposed model for an increasing number of latent states,
k, from 1 to 4. We stopped at 4 since this is the �rst value of k for which both AIC
and BIC indices attain a value larger than that attained for the previous value of k. The
estimates of the parameters affecting the marginal logits of fertility and employment and
the log-odds ratio between these variables are shown in Table 1.

On the basis of the results in terms of AIC and BIC, we conclude that k = 3 is a suitable
number of latent states for the PSID dataset. With this number of states we observe that



Table 1: Estimates of model parameters affecting the marginal logits for fertility and employment
and the log-odds ratio (∗average of the support points based on posterior probabilities, †minus the
sample average, ∗∗signi�cant at the 5% level).

k
Effect 1 2 3 4

logit fertility intercept∗ -1.8067 -2.0718 -2.3095 -2.1106
race -0.2299∗∗ -0.2298∗∗ -0.2380∗∗ -0.2528∗∗
age† -0.2157∗∗ -0.2176∗∗ -0.2193∗∗ -0.2200∗∗
(age†)2/100 -1.1120∗∗ -1.1216∗∗ -1.1166∗∗ -1.1424∗∗
education† 0.1522∗∗ 0.1542∗∗ 0.1578∗∗ 0.1548∗∗
child 1-2 0.1826∗∗ 0.1865∗∗ 0.1797∗∗ 0.1697∗∗
child 3-5 -0.3605∗∗ -0.3737∗∗ -0.3823∗∗ -0.3938∗∗
child 6-13 -0.5936∗∗ -0.6050∗∗ -0.6126∗∗ -0.6185∗∗
child 14- -0.8787∗∗ -0.8851∗∗ -0.8914∗∗ -0.8922∗∗
income†/1000 0.0024 0.0022 0.0022 0.0021
lag fertility -1.4762∗∗ -1.4688∗∗ -1.4758∗∗ -1.4870∗∗
lag empl. -0.1634 0.2116 0.3213 0.3910∗∗

logit empl. intercept∗ -0.6881 0.5247 2.2845 -2.3954
race 0.0989 0.1259 0.1750 0.2590
age† 0.0152∗∗ 0.0278 0.0597∗∗ 0.0470
(age†)2/100 -0.1027 -0.0936 -0.1100 0.1053
education† 0.1022∗∗ 0.1252∗∗ 0.0853∗∗ 0.1488∗∗
child 1-2 -0.1163∗∗ -0.1740 -0.1129 -0.1037
child 3-5 -0.2338∗∗ -0.2188∗∗ -0.1681 -0.1374
child 6-13 -0.0620 0.0114 0.0272 0.0593
child 14- -0.0100 0.0522 0.0714 0.0833
income†/1000 -0.0086∗∗ -0.0092∗∗ -0.0111∗∗ -0.0107∗∗
lag fertility -0.4782∗∗ -0.7324∗∗ -0.7256∗∗ -0.7258∗∗
lag empl. 2.9494∗∗ 1.5718∗∗ 0.9696∗∗ 0.9117∗∗

log-odds ratio intercept -1.2133∗∗ -1.2861∗∗ -1.2375∗∗ -1.2375∗∗

race has a signi�cant effect on fertility, but not on employment. Similarly, age seems to
have a stronger effect on fertility than on employment. At this regard we have to note
that the women in the sample were aged between 18 and 47 in 1986, which may be
considered a limited range of age. Education has a signi�cant effect on both fertility and
employment, whereas the number of children in the family strongly affects only the �rst
response variable and income of the husband strongly affects only the second one. Very
interesting are the estimates of the association parameters. In particular, the log-odds ratio
is signi�cant and negative, meaning that the response variables are negatively associated
when referred to the same year. Moreover, lagged fertility has a signi�cant negative effect
on both response variables and lagged employment has a signi�cant effect, which is also
positive, only on the second one. These estimates lead us to conclude that fertility has a
negative effect on the probability of having a job position in the same year of the birth and
the following one, whereas employment is serially positively correlated as a consequence
of the state dependence effect.



Finally, we tested the hypothesis that the transition matrix is diagonal. The LR statistic
for this hypothesis is equal to 32.079 which leads us to rejection. Moreover, by using
the Viterbi algorithm we estimated, for each woman in the sample, the a posteriori most
likely sequence of latent states. Overall, it results that 66.0% of the women starts and
persists in the same state for the entire period, whereas for the 23.4% of the women we
have only one switch and for the remaining 10.6% we have two switches; so there is a
mild tendency to changes of behaviour during the period of observation.
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