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Abstract We introduce the concept of snipping, comple-
menting that of trimming, in robust cluster analysis. An ob-
servation is snipped when some of its dimensions are dis-
carded, but the remaining are used for clustering and estima-
tion. Snipped k-means is performed through a probabilistic
optimization algorithm which is guaranteed to converge to
the global optimum. We show global robustness properties
of our snipped k-means procedure. Simulations and a real
data application to optical recognition of handwritten digits
are used to illustrate and compare the approach.

Keywords Clustering · k-Means · Outliers · Robustness ·
Snipping · Trimming

1 Introduction

Many procedures in robust statistics implicitely or ex-
plicitely adopt a Tukey–Huber contamination (THC) model
(Tukey 1962; Huber 1964), according to which a small frac-
tion of observations are structural outliers, while the remain-
ing are not contaminated. Under the THC, an outlier is an
observation arising from its own population, different from
that of the bulk of the data. A different setting is given by
component-wise contamination (CWC), in which each di-
mension of an observation can be independently contam-
inated with a certain probability ε (Alqallaf et al. 2009).
Under CWC, contamination arises during the measurement
rather than the sampling phase. Observations are sampled
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from the specified model, but each measurement can be in-
dependently contaminated. To fix the ideas, suppose we are
measuring gene expression levels repeatedly on independent
slides. We have structural outliers when one or more genes
arise from a different pathway than the one under study,
while we have component-wise contamination due to con-
tamination within each slide. For reviews of the basic con-
cepts in robust statistics we refer the reader to the books by
Huber and Ronchetti (2009), Heritier et al. (2009), and to the
papers by Hubert et al. (2008) and Farcomeni and Ventura
(2012). The focus of this paper is on unsupervised classifi-
cation methods. The first approaches to robust clustering can
be found in Kaufman and Rousseeuw (1990). There are now
extremely effective clustering procedures able to deal with
Tukey–Huber contaminated data. We can identify two main
approaches: one is based on flexible mixture models (e.g.,
Banfield and Raftery 1993, Frühwirth-Schnatter and Pyne
2010), and another is based on the idea of impartial trim-
ming (Gordaliza 1991). A different approach, which also is
based on a THC model, is proposed in Forero et al. (2012).
For a detailed review of robust clustering methods based on
trimming see García-Escudero et al. (2010). The basis of this
work is that all of these methods, including impartial trim-
ming approaches, may break down under CWC. This is due
to the fact that the number of observations with at least one
contaminated entry can be very large under our general con-
tamination model (even 100 %, indeed), and that trimming
approaches remove contaminated observations entirely. The
number of observations with at least one contaminated en-
try may be then too large for trimming methods to handle.
To see this, consider Table 1 where we report on the ex-
pected proportion of entirely uncontaminated observations
under CWC, for different values of ε and dimensionality d .
Note that in Table 1 we assume independent contamination
(and homogeneity of the probability of contamination over
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Table 1 Proportion of clean observations under independent CWC,
for different values of component-wise contamination ε and dimen-
sionality d

d 5 10 20 50 80 100

ε = 0.005 0.98 0.95 0.90 0.78 0.67 0.61

ε = 0.01 0.95 0.90 0.82 0.61 0.45 0.37

ε = 0.05 0.77 0.60 0.36 0.08 0.02 0.01

ε = 0.1 0.59 0.35 0.12 0.01 0.00 0.00

columns). If there is positive dependence, the proportion of
clean observations may be a larger; while under negative
dependence this proportion may be smaller.

In order to tackle robust clustering under CWC, we in-
troduce the concept of snipping. An observation is snipped
when one or more of its dimensions are excluded from the
analysis. Snipped observations for which one or more di-
mensions are retained can be assigned to clusters, and poten-
tially all observations can be snipped. Snipping is more flex-
ible than trimming as removal of all entries of an observa-
tion, which is possible, corresponds to trimming. There are
clear advantages of snipping under the CWC: in the setting
of Table 1, when d = 20 and ε = 0.1 about 85 % of the con-
taminated observations will have only one or two contami-
nated entries. These clean entries will have to be discarded
under trimming. With snipping, 18 or 19 values for each ob-
servation can be retained and used for clustering, with a very
mild information loss. Even if the idea of snipping can be di-
rectly included in more general methodologies, and beyond
the area of robust clustering, we focus in this paper on robust
k-means (Cuesta-Albertos et al. 1997). Under a general con-
tamination model we propose an efficient algorithm which
simoultaneously performs k-means type clustering and snip-
ping. Our algorithm, which is guaranteed to converge to
the global optimum under mild conditions, automatically
chooses which observations shall be trimmed, which shall
be snipped and which and how many entries shall be re-
moved for those. The rest of the paper is as follows: in the
next section we introduce snipping and the corresponding
contamination model. In Sect. 2.1 we illustrate an efficient
algorithm for solving the snipped k-means problem and dis-
cuss its global convergence properties. In Sect. 2.2 we inves-
tigate robustness of our procedure. In Sect. 3 we compare
clustering procedures with a brief simulation study, and il-
lustrate with a real data set in Sect. 4. A discussion is given
in Sect. 5. A sample C-within-R code for our approach can
be found at http://www.afarcome.altervista.org/snip.zip.

2 Snipped k-means

We assume we have a sample of (possibly standardized) n

observations Y1, . . . , Yn, with Yi ∈ Rd , which are divided

in k groups indicized in J1, . . . ,Jk ; where J = ∪k
c=1Jc ⊆

{1, . . . , n} and Jj ∩Jh = ∅. The groups are separated in that
the population mean in the c-th group is μc , with μc �= μc′
when c �= c′. We assume ndε entries of the data matrix Y

are contaminated according to the model we specify below,
for some ε ≥ 0. We also assume the cardinality of J , de-
noted |J | to be such that n(1 − ε) ≤ |J | ≤ n. Note that
when |J | = �n(1 − ε)�, we have that all contamination
arises from structural outliers, while when |J | = n we only
have component-wise contamination so that no observation
is completely spoiled.

Our general contamination model is as follows: let bij ,
i = 1, . . . , n be such that bij ∈ {0,1} and

∑
ij bij is equal

to the integer closest to nd(1 − ε). We have that bij is an
indicator of the ij -th entry of the data matrix being free of
contamination, while when bij = 0 the j -th column of the
i-th observation has been contaminated. We assume

Yi = biXi + (1 − bi)Zi, (1)

for i = 1, . . . , n; where Zi ∼ gi(·), with gi(·) being a den-
sity in Rd . Model (1) brings about component-wise contam-
ination as entries of Xi corresponding to a zero bi will be
replaced by the elements of a spurious outlier in Rd . We as-
sume Xi ∼ MV N(μc,σ

2Id) when i ∈ Jc , c = 1, . . . , k. The
observations for which bij = 0 for all j = 1, . . . , d are out-
side J ; and are structural outliers, i.e., Yi = Zi ∼ gi(·) when
i /∈ J . We adopt a crisp classification approach, therefore
we will obtain a k-means type procedure given the assump-
tion on the covariance matrices (i.e., given the restriction
that the clusters are spherical). In our contamination model
we assume there is a partition of the data matrix into con-
taminated and clean entries, in parallel with the fixed clus-
tering partition, and that the number of contaminated entries
is ndε. When k = 1 we have a partially spoiled contamina-
tion model in the definition of Alqallaf et al. (2009). When
k > 1 we have a partially spoiled contaminated (spherical)
clusters model. Our non-probabilistic setting naturally in-
cludes inhomogeneity (that is, different contamination frac-
tions in different columns), being based only on the result-
ing total number of contaminated entries. With the notation
Zi ∼ gi(Zi) we would like to underline that we sample each
outlier from its own distribution. Along the lines of Galle-
gos and Ritter (2005) we make assumptions that outliers are
affine independent and that non-regular observations can be
ignored when estimating μ. The latter is the consequence
of the formal assumption that in any optimal partition with
ndε snipped entries, the non-regular observations could be
also obtained by maximizing the likelihood associated with
gi(·). For more details refer to Gallegos and Ritter (2005),
García-Escudero et al. (2008) and also Ruwet et al. (2012).
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Given the assumptions, the snipped k-means estimates of
the centroid μ can be obtained by solving

min
V ∈V

inf
{μ1,...,μk}∈Rd

n∑

i=1

min
1≤c≤k

d∑

j=1

vij (Yij − μcj )
2, (2)

where V is a binary matrix and V denotes the set of all sub-
sets of M{0,1}(n, d), the set of binary matrices with n rows
and d columns, with exactly �ndε� entries equal to zero.
A zero in V identifies a discarded entry, no matter if it is
discarded because of snipping or because of trimming of
its corresponding row. An entire row of zeros identifies a
trimmed entry. Note that with trimmed k-means at level ε

we remove exactly the same number of entries as snipped
k-means at level ε. The only difference is that with trim-
ming the entries are all aligned in rows, while with snipping
they can be located anywhere within the data matrix.

2.1 Minimization of the loss function

The set of ε-snipped subsets of the data matrix Y , indi-
cized by V ∈ V , has an impressive cardinality. Further-
more, the problem of minimization of the loss (2) is sub-
stantially that of enumeration of the subsets of V , which
is impossible to perform in a reasonable computing time.
Trimming approaches usually proceed by iteration of least
square estimation of centroids and concentration steps to
flag outliers with respect to the current estimates (e.g.,
Rousseeuw and Van Driessen 1999, Gallegos and Ritter
2005, Farcomeni 2009). We have found that in high di-
mensions this approach is easily trapped in local optima.
We here develop a novel acceptance-rejection algorithm,
along the lines of a general proposal by Chakraborty and
Chaudhury (2008). The algorithm proceeds by iteratively
updating an initial solution, identified by a V (0) ∈ V . Let
V (t) denote the update obtained at the t-th iteration. Let
μ(V (t)) = (μ1(V (t)), . . . ,μk(V (t))) be the correspond-
ing centroid, estimated as usual but using only the dimen-
sions corresponding to a positive entry in V (t). Finally, let
l(V (t),μ(V (T ))) = ∑n

i=1 min1≤c≤k

∑d
j=1 vij (Yij − μcj )

2

be the loss associated with V (t).
Each iteration of our proposed algorithm proceeds in two

steps: first, a candidate new solution Vc is built; secondly,
it is rejected or accepted with a certain probability. If it is
accepted, V (t) is updated to Vc , otherwise V (t + 1) ≡ V (t).
Formally, Vc is built by switching the positions of a zero
and a positive entry of V (t). These two entries are selected
uniformly at random. Let now

pt = min
(
e− log(t+1)

D
(l(Vc,μ(Vc))−l(V (t),μ(V (t)))),1

)
. (3)

The candidate solution Vc is accepted with probability pt .
This guarantees that a candidate solution leading to smaller

loss is always accepted, while a candidate solution leading to
slightly larger loss may also be accepted but with probability
being lower and lower as t grows. The algorithm can then es-
cape local optima and explore the solution space during the
first few runs. The only tuning parameter is D, which shall
be set approximately equal to the maximal expected change
in loss when switching two non-contaminated entries.

We now show that the proposed algorithm converges to
the global optimum as t grows:

Theorem 1 Let H denote the superset of all sets in V
corresponding to a global optimum satisfying (2). For any
V (0) ∈ V we have that limt Pr(V (t) ∈ H) = 1.

Proof Note that if sup(V ,Z)∈VxV |l(V ,μ(V )) −
l(Z,μ(Z))| = 0, the thesis trivially holds. Now suppose
sup(V ,Z)∈VxV |l(V ,μ(V )) − l(Z,μ(Z))| > 0. Define Δt =
sup(V ,Z)

log(t+1)
D

(l(V ,μ(V )) − l(Z,μ(Z))), where V ∈ V ,
and Z ∈ V is obtained by switching two entries or two rows
of V . To see that the proposed algorithm satisfies conditions
in Chakraborty and Chaudhury (2008, Pag. 686), we only
need to show that

∑
t e

−Δt = ∞, which is straightforward
since

∑
t e

−Δt ≥ ∑
t

1
t+1 = ∞. The thesis follows. �

We shall notice that reaching the global optimum is guar-
anteed only when t grows indefinitely. Since the algorithm is
run in practice for a fixed, even if large, number of iterations,
we now briefly discuss the rate of converge of the algorithm
and propose an alternative accelerated convergence strategy.

Using results from Chakraborty and Chaudhury (2008,
Theorem 2), we can derive an approximate rate of conver-
gence. It is shown in Chakraborty and Chaudhury (2008,
Theorem 2) that the rate of convergence is of the order
t−dmin/(dmin+D) eventually, where dmin is the change in loss
obtained when switching an entry from the optimal solution.
As a consequence, the maximal rate of convergence that can
be obtained is

√
t , and the actual rate depends on the differ-

ence between the smallest loss and the next smallest value
that can be obtained. It can also be shown (Chakraborty and
Chaudhury 2008, Theorem 3) that a rate of t−dmin/D can be
obtained if we let the algorithm run for a fixed (say, N/2)
number of iterations with an acceptance probability of

pt = min
(
e− log(N/2)

2t
N

D
(l(Vc,μ(Vc))−l(V (t),μ(V (t)))),1

)
, (4)

where N denotes the pre-specified total number of iterations
of the algorithm. In practice, acceptance probability (4) can
be used to quickly explore the solution space, and then af-
ter the first half iterations we can switch to (3) in order to
increase the likelihood of convergence to the global opti-
mum. In our implementation we use the accelerated con-
vergence acceptance probability (4) for 105 iterations, and
then let the algorithm run for another 105 iterations with

Author's personal copy



910 Stat Comput (2014) 24:907–919

the global convergence acceptance probability (3). Given
that the computational complexity of each iteration is mini-
mal (it only involves random sampling and evaluation of the
loss, in practice), the C-within-R code is relatively quick.
More precisely, it can be seen that the computational com-
plexity of each iteration is of order knd . To summarize, we
give the pseudo-code for the algorithm based on 2N itera-
tions:

for t = 1, . . . ,2N do
Let V (t) := V (t − 1), Vc := V (t − 1).
Sample uniformly at random a zero and one entry of
V (t −1), with coordinates (r0, c0) and (r1, c1), respec-
tively.
Set Vc[r0, c0] = 1, Vc[r1, c1] = 0
if t <= N then

Set pt as in (4)
else

Set pt as in (3)
end if
Let u ∼ U [0,1].
if u < pt then

let V (t) = Vc

end if
end for

Even with the accelerated probability (4), global conver-
gence is guaranteed only when the number of iterations di-
verge. Therefore, as with many other iterative algorithms, it
is recommended to repeatedly run the algorithm, with dif-
ferent starting solutions V (0). In this paper we build an ini-
tial deterministic starting solution by integrating multivari-
ate outlier identification methods with the trimmed k-means
procedure. Other starting solutions are obtained by ran-
domly perturbing the result obtained at convergence from
the deterministic starting solution.

A final comment regards practical choice of the snipping
level ε. In our experience, a careful choice of ε is not crucial
as long as it is larger than or equal to the actual contami-
nation level. A slightly large ε will have negligible conse-
quences on the estimates and on quality of clustering. Snip-
ping will not even have deleterious effects on clustering of
units, as they will be assigned anyway to the closest clus-
ter. One can proceed in practice by comparing stability of
the results for different snipping levels. A formal suggestion
along these lines is the G statistic of Farcomeni (2009). See
also García-Escudero et al. (2011).

2.2 Robustness properties

There are many available methods to evaluate the robust-
ness properties of a procedure (Huber and Ronchetti 2009;
Hampel et al. 1986), some of which have been developed
especially for clustering (e.g., Hennig 2008). We will fo-
cus here on global measures, given by breakdown values.

Hodges (1967) and Donoho and Huber (1983) define a fi-
nite sample breakdown value as the smallest fraction of
outliers that can break down the estimate. The asymptotic
breakdown value (Hampel 1971) is the breakdown value of
a procedure as the sample size grows. Clustering procedures
can be formally declared to be robust when the asymptotic
breakdown value is not infinitesimal.

We here must distinguish between two kinds of corrup-
tion: one, that is brought about by structural outliers, re-
places entire rows of the data matrix by arbitrary values.
This kind of corruption lead (Gallegos and Ritter 2005) to
the definition of individual breakdown point in the context
of cluster analysis. More formally, let YR denote the data
matrix in which R rows are replaced by arbitrary vectors
in Rd . The individual breakdown point is defined as

ε(i) = 1

n
min

{
R : sup

YR

∥
∥μ(Y ) − μ(YR)

∥
∥ = ∞

}
, (5)

where μ(Y ) is the centroid estimate obtained from data Y .
Another kind of corruption, that is brought about by

component-wise contamination, is that obtained by replac-
ing isolated entries. A definition of breakdown point specifi-
cally tailored to this situation is that of cell breakdown point
given in Farcomeni (2009), who derived it in a different but
related context. Formally, let YC denote the data matrix in
which C elements are replaced by arbitrary values in R. The
cell breakdown point is defined as

ε(c) = 1

nd
min

{
C : sup

YC

∥
∥μ(Y ) − μ(YC)

∥
∥ = ∞

}
. (6)

Before stating our results in terms of the definitions
above, we note that the global robustness properties of
trimmed k-means shall be discussed for ideally well-behaved
data matrices, in which the clean observations form well-
separated groups. This gives the restricted breakdown points
(Gallegos and Ritter 2005). It can be shown that the unre-
stricted (universal) breakdown points for any robust or clas-
sical k-means type procedure are infinitesimal.

In order to allow a comparison with trimmed k-means,
we adopt the same restrictions of Ruwet et al. (2012). In
the following, let WJ denote the total sum of squares and
products for a partition J .

Definition 1 Let ρ > 0. Let J be any partition J of Yn into
J1, . . . , Jk , each of size at least u. Let Tn ⊆ Yn be any subset
of Yn of size smaller than n(1 − ε) and larger than or equal
to qu,ρ = max(n(1 − 2ε), k(k − 1) + 1, (n − u)/(1 − ρ)).

A d-dimensional data set Yn belongs to the set of well
clustered data sets Ku,ρ if for any partition T of Tn into
k − 1 groups JT,1, . . . , JT ,k−1 it happens that

1 + ηρ |J ∩ T |
trWJ∩T
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× min
h,l �=c,JT ,h∩Jl �=∅,JT ,h∩Jc �=∅

‖μ̂JT,h∩Jl
− μ̂JT,h∩Jc‖

≥ k2/d maxRn:Tn⊆Rn trWJ∩Rn

trWJ∩T
,

where ηρ = ρ(1−ρ) if k = 2 and ηρ = ρ/2 if k > 2, and Rn

is such that we added observations to Tn so to reach n(1−ε)

observations.

For more details and an account on how to check the con-
ditions we refer the reader to Ruwet et al. (2012). We start
dealing with snipped k-means:

Theorem 2 If Yn ∈ Ku,ρ , k(k − 1) + 1 < n(1 − ε), u ∈ N
and ρ > 0 are such that n − (1 − ρ)(n(1 − ε) − 1) ≤ u ≤
n/k, then for snipped k-means at level ε we have that ε(i) ≥
ε + 1/n and ε(c) ≥ ε + 1/nd .

Proof As far as the individual breakdown point is con-
cerned, a ε-trimmed procedure is a special case of a
ε-snipped procedure. Given the assumptions, we can use the
results in Ruwet et al. (2012) to show that ε(i) ≥ ε + 1/n.
Regarding the cell breakdown point, note that the set of well
clustered data sets is actually defined by addition of arbi-
trary rows. With component-wise contamination, we can
have a minimum of nε and a maximum of ndε contaminated
rows, when one entry per row is contaminated. The proof
follows then from Lemma 4 and Proposition 5 in Ruwet
et al. (2012), where we set r equal to the smallest feasible
value such that r ≥ n(1 − dε). See also Gallegos and Ritter
(2009a, 2009b). �

Well clustered data sets as in Definition 1 are focused
on structural contamination. We speculate, and this is a di-
rection for further work, that the same bound on cell break-
down of snipped k-means can be obtained under a more gen-
eral definition of well clustered data sets. We now focus on
other k-means type procedures. For what concerns classical
k-means, it can be shown that even the restricted breakdown
points are infinitesimal. Even with well clustered data sets,
a single contaminated entry suffices to break down the esti-
mates of the centroids. For what concerns trimmed k-means,
Ruwet et al. (2012) showed under the same conditions of
Theorem 2 that the individual breakdown point of trimmed
k-means is larger than or equal to ε + 1/n. The robustness
properties of trimmed k-means were also studied in García-
Escudero and Gordaliza (1999). In the following proposition
we give an additional contribution by dealing with the cell
breakdown point of trimmed k-means:

Theorem 3 Assume the same conditions of Theorem 2 hold.
For trimmed k-means at level ε we have that ε(c) ≥ ε

d
+

1/nd .

Proof Note that contamination of C entries corresponds to
contamination of C/d ≤ R ≤ C rows. Therefore, with a con-
tamination of ε entries we can spoil up to dε rows. The
statement therefore immediately follows as in Ruwet et al.
(2012), with a contamination dε (r = n(1 − dε) in the nota-
tion of Ruwet et al. (2012)). �

Theorem 3 says that trimmed k-means can achieve a cell
breakdown point equivalent to snipped k-means only when
the trimming level is set equal to dε. This may be too large
to be feasible, and is a consequence of the fact that trimming
is not tailored to taking care of outliers in isolated entries.

3 Simulations

We outline here a brief simulation study to illustrate the
performance and robustness of our approach. We fix k = 3,
σ 2 = 1 and we replicate data sampling, contamination
and clustering B = 1000 times each time. We let μ1 =
(0, . . . ,0)′, μ2 = μ1 + c and μ3 = μ2 + 2c, for c =
0.75,1.5,10; corresponding to a small, moderate and large
separation of the clusters. We contaminate from a mixture
of a fully dependent and an independent component-wise
contamination model. As a result, ε1 = 5 % of the rows
will be fully contaminated (structural outliers) and, for each
column, a proportion ε2 = 5,15 % of entries will be inde-
pendently selected for contamination. As a result, we have
ε = 10,20 %. We take gi(·) as a product of uniform den-
sities with support in [−10c,10c]. In this way we include
gross outliers, extreme values, bridge points, and inliers.
Note that if the data matrix is standardized it may be un-
likely in practice to have values of outliers as large as those
corresponding to certain values of c. To complement the
simulation, we also generate concentrated contamination,
with gi(·) as a product of Gaussian densities centered in
−c and with standard deviation σ/2. This generates a small
cluster of outliers, rather than simple background noise. For
this case we only use a total contamination of ε = 10 %,
with ε1 = 5 % as before. We select data matrices with sizes
n = 200,1000 and d = 5,50. Each cluster label is sampled
uniformly at random in {1, . . . , k}, so that the size of each
cluster is approximately k/n.

We evaluate clustering through the average sum of
squares error (SSE) in estimation of the centroid. Further-
more, we compare the true and predicted group labels using
the modified Rand index (Hubert and Arabie 1985), which
is a measure of agreement between the true and predicted
cluster labels. We compute the modified Rand index only
using samples that are not trimmed by any of the procedures
involved, for a fair comparison. Finally, for trimmed and
snipped k-means we evaluate misclassification of contami-
nated entries with the average swamping and masking. The
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Table 2 SSE in estimation of
the centroid on simulated data
for different clustering
procedures. kmeans denotes
the classical k-means procedure,
tkmeans(η) trimmed k-means
with trimming level η, and
snip snipped k-means. The
proportion of structural outliers
is fixed at ε1 = 0.05 and conc
denotes concentrated
contamination with ε = 0.1. The
results are based on B = 1000
replications

n d c ε kmeans tkmeans(ε) tkmeans(ε1 + dε2) snip(ε)

200 5 0.75 0.10 27.64 18.03 4.31 2.09

200 50 0.75 0.10 301.48 19.56 – 2.70

1000 5 0.75 0.10 19.52 13.65 2.09 0.60

1000 50 0.75 0.10 41.37 2.74 – 0.53

200 5 0.75 0.20 32.31 29.68 – 2.57

200 50 0.75 0.20 172.24 56.00 – 3.24

1000 5 0.75 0.20 24.05 29.28 – 0.77

1000 50 0.75 0.20 37.16 20.33 – 0.61

200 5 0.75 conc 3.31 3.45 3.52 2.81

200 50 0.75 conc 4.43 4.93 – 4.66

1000 5 0.75 conc 1.73 1.35 1.49 1.19

1000 50 0.75 conc 2.39 2.52 0.87

200 5 1.50 0.10 174.44 112.99 0.51 0.34

200 50 1.50 0.10 1646.17 13.01 – 2.53

1000 5 1.50 0.10 121.90 79.55 0.10 0.07

1000 50 1.50 0.10 532.84 3.08 – 0.50

200 5 1.50 0.20 160.74 132.60 – 0.38

200 50 1.50 0.20 1268.21 105.84 – 2.81

1000 5 1.50 0.20 137.03 127.95 – 0.08

1000 50 1.50 0.20 172.23 17.12 – 0.56

200 5 1.50 conc 1.36 1.32 0.90 1.39

200 50 1.50 conc 49.53 9.51 – 5.20

1000 5 1.50 conc 0.80 0.87 0.25 0.67

1000 50 1.50 conc 44.27 6.65 – 0.75

200 5 10 0.10 6826.56 4107.40 0.36 0.24

200 50 10 0.10 82058.94 440.21 – 2.53

1000 5 10 0.10 4977.93 1062.62 0.07 0.05

1000 50 10 0.10 26746.52 116.25 – 0.50

200 5 10 0.20 7503.50 6035.05 – 0.28

200 50 10 0.20 65264.91 3914.52 – 2.81

1000 5 10 0.20 6678.39 5704.37 – 0.06

1000 50 10 0.20 7289.96 706.86 – 0.56

200 5 10 conc 457.30 18.77 0.36 0.25

200 50 10 conc 3550.96 178.92 – 2.54

1000 5 10 conc 400.53 18.53 0.07 0.05

1000 50 10 conc 2356.06 146.20 – 0.51

first is the proportion of clean entries that are included in
the set of trimmed/snipped values, while the second is the
proportion of contaminated entries that are not discarded
and used for estimation. Note that with this contamination
model, the two coincide for snipped k-means but not for
trimmed k-means. We compare our procedure with snipping
level ε with classical k-means, trimmed k-means with trim-

ming levels ε and ε1 + dε2 when feasible. We should actu-
ally use a trimming level of dε, but that is never feasible for
our choices of d and ε. Therefore, we use prior information
on the proportion of structural outliers to select a trimming
level. We report the results on SSE in Table 2, the results
on the modified Rand index in Table 3 and the results on
misclassification of contaminated entries in Table 4.
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Table 3 Modified Rand index
on simulated data for different
clustering procedures. kmeans
denotes the classical k-means
procedure, tkmeans(η)
trimmed k-means with trimming
level η, and snip snipped
k-means. The proportion of
structural outliers is fixed at
ε1 = 0.05 and conc denotes
concentrated contamination
with ε = 0.1. The results are
based on B = 1000 replications

n d c ε kmeans tkmeans(ε) tkmeans(ε1 + dε2) snip(ε)

200 5 0.75 0.10 0.18 0.19 0.26 0.31

200 50 0.75 0.10 0.45 0.52 – 0.98

1000 5 0.75 0.10 0.18 0.19 0.29 0.33

1000 50 0.75 0.10 0.61 0.62 – 0.98

200 5 0.75 0.20 0.08 0.11 – 0.28

200 50 0.75 0.20 0.33 0.23 – 0.97

1000 5 0.75 0.20 0.10 0.12 – 0.30

1000 50 0.75 0.20 0.35 0.30 – 0.96

200 5 0.75 conc 0.25 0.21 0.14 0.22

200 50 0.75 conc 0.86 0.73 – 0.87

1000 5 0.75 conc 0.27 0.23 0.14 0.24

1000 50 0.75 conc 0.87 0.74 – 0.88

200 5 1.50 0.10 0.34 0.40 0.46 0.79

200 50 1.50 0.10 0.53 0.87 – 1.00

1000 5 1.50 0.10 0.35 0.43 0.47 0.80

1000 50 1.50 0.10 0.53 0.88 – 1.00

200 5 1.50 0.20 0.15 0.21 – 0.75

200 50 1.50 0.20 0.42 0.41 – 1.00

1000 5 1.50 0.20 0.17 0.20 – 0.76

1000 50 1.50 0.20 0.53 0.52 – 1.00

200 5 1.50 conc 0.58 0.55 0.61 0.62

200 50 1.50 conc 0.85 0.79 – 0.91

1000 5 1.50 conc 0.59 0.57 0.62 0.65

1000 50 1.50 conc 0.85 0.79 – 0.90

200 5 10 0.10 0.43 0.53 0.57 0.99

200 50 10 0.10 0.48 0.89 – 1.00

1000 5 10 0.10 0.43 0.53 0.57 0.99

1000 50 10 0.10 0.58 0.90 – 1.00

200 5 10 0.20 0.15 0.24 – 0.99

200 50 10 0.20 0.43 0.45 – 1.00

1000 5 10 0.20 0.16 0.24 – 0.99

1000 50 10 0.20 0.55 0.54 – 1.00

200 5 10 conc 0.63 0.78 0.82 0.91

200 50 10 conc 0.83 0.93 – 1.00

1000 5 10 conc 0.62 0.77 0.86 0.90

1000 50 10 conc 0.86 0.93 – 1.00

The results in Table 2 clearly show that insufficient
(or no) trimming may lead to break down of the estimates.
On the other hand, when ε or d is large, sufficient trimming
is not feasible. Furthermore, when a trimming level equal to
ε1 + dε2 is feasible, trimmed k-means results in a slightly
larger SSE than snipped k-means. This is due to the fact that
a significant fraction of clean entries is discarded in order to

get rid of the contaminated ones. This is an illustration that
trimmed k-means may be able to deal with component-wise
contamination, but at the price of a much larger trimming
level. More precisely, when d = 5 and ε2 = 5 %, a snip-
ping level of 10 % is compared to a trimming level of 30 %.
Under a completely general component-wise contamination
model we should actually use a trimming level of 50 %.
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Table 4 Swamping probability
(and masking probability in
parentheses, when not equal to
the former) on simulated data
for different clustering
procedures. kmeans denotes
the classical k-means procedure,
tkmeans(η) trimmed k-means
with trimming level η, and
snip snipped k-means. The
proportion of structural outliers
is fixed at ε1 = 0.05 and conc
denotes concentrated
contamination with ε = 0.1. The
results are based on B = 1000
replications

n d c ε tkmeans(ε) tkmeans(ε1 + dε2) snip(ε)

200 5 0.75 0.10 0.0811 (0.0749) 0.4238 (0.0139) 0.0091

200 50 0.75 0.10 0.0895 (0.0819) – 0.0009

1000 5 0.75 0.10 0.0796 (0.0736) 0.4196 (0.0136) 0.0008

1000 50 0.75 0.10 0.0890 (0.0801) – 0.0000

200 5 0.75 0.20 0.1319 (0.1241) – 0.0102

200 50 0.75 0.20 0.1496 (0.1396) – 0.0015

1000 5 0.75 0.20 0.1294 (0.1195) 0.0016

1000 50 0.75 0.20 0.1494 (0.1394) – 0.0001

200 5 0.75 conc 0.0933 (0.0901) 0.2819 (0.0744) 0.0779

200 50 0.75 conc 0.0931 (0.0893) – 0.0777

1000 5 0.75 conc 0.0911 (0.0899) 0.2831 (0.0736) 0.0764

1000 50 0.75 conc 0.0909 (0.0903) – 0.0489

200 5 1.50 0.10 0.0442 (0.0366) 0.2088 (0.0064) 0.0036

200 50 1.50 0.10 0.0440 (0.0365) – 0.0004

1000 5 1.50 0.10 0.0438 (0.0371) 0.2087 (0.0063) 0.0004

1000 50 1.50 0.10 0.0459 (0.0425) – 0.0000

200 5 1.50 0.20 0.1065 (0.0940) – 0.0036

200 50 1.50 0.20 0.1233 (0.1108) – 0.0002

1000 5 1.50 0.20 0.1039 (0.0954) – 0.0005

1000 50 1.50 0.20 0.1201 (0.1116) – 0.0000

200 5 1.50 conc 0.0838 (0.0733) 0.2384 (0.0346) 0.0579

200 50 1.50 conc 0.0941 (0.0844) – 0.0366

1000 5 1.50 conc 0.0836 (0.0811) 0.2381 (0.0290) 0.0576

1000 50 1.50 conc 0.0933 (0.0901) – 0.0287

200 5 10 0.10 0.0439 (0.0366) 0.2046 (0.0010) 0.0016

200 50 10 0.10 0.0436 (0.0362) – 0.0001

1000 5 10 0.10 0.0407 (0.0372) 0.2036 (0.0010) 0.0002

1000 50 10 0.10 0.0459 (0.0425) – 0.0000

200 5 10 0.20 0.1062 (0.0937) – 0.0014

200 50 10 0.20 0.1233 (0.1107) – 0.0001

1000 5 10 0.20 0.1036 (0.0951) – 0.0002

1000 50 10 0.20 0.1201 (0.1115) – 0.0000

200 5 10 conc 0.0821 (0.0699) 0.2038 (0.0008) 0.0019

200 50 10 conc 0.0536 (0.0441) – 0.0001

1000 5 10 conc 0.0803 (0.0746) 0.2041 (0.0007) 0.0001

1000 50 10 conc 0.0511 (0.0379) – 0.0000

For snipped k-means the SSE for ε = 20 % is only slightly
larger than the SSE for ε = 10 %, indicating that the larger
contamination is only contributing to a loss of information
due to a lower number of clean entries overall. From Ta-
ble 3 we can see that the modified Rand index of snipped
k-means is always acceptable, being 99 % or 100 % with
c = 10 (large group separation), and when d = 50 also with

c = 1.5 and c = 0.75. When d = 5, all other procedures have
a Rand index which is 30 % to 70 % smaller. Only when
ε = 10 % and d = 50 trimmed k-means is able to correctly
predict the true clustering, with a Rand index of approxi-
mately 90 %. Finally, we comment on misclassification of
contaminated and clean entries. For what concerns trimmed
k-means at level ε, we have that misclassification is approx-
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Table 5 SSE and Rand index
on simulated data for different
clustering procedures. kmeans
denotes the classical k-means
procedure, tkmeans(η)
trimmed k-means with trimming
level η, and snip snipped
k-means. No structural outliers
are generated and the proportion
of component-wise outliers,
generated from independent
Gaussians centered on −c and
with standard deviation σ/2, is
ε2 = 0.1. Results are based on
B = 1000 replications

n d c SSE

kmeans tkmeans (10 %) snip (10 %)

200 5 0.75 4.61 4.87 3.87

200 50 0.75 6.43 6.95 4.50

1000 5 0.75 3.72 3.70 1.90

1000 50 0.75 4.23 4.22 0.71

200 5 1.50 3.15 1.24 0.66

200 50 1.50 27.52 16.84 3.57

1000 5 1.50 0.56 0.42 0.23

1000 50 1.50 17.03 13.15 0.60

200 5 10 541.42 26.20 0.25

200 50 10 2105.00 614.53 2.53

1000 5 10 480.86 19.55 0.05

1000 50 10 1600.67 547.68 0.50

n d c Rand index

kmeans tkmeans (10 %) snip (10 %)

200 5 0.75 0.24 0.21 0.22

200 50 0.75 0.92 0.81 0.96

1000 5 0.75 0.25 0.22 0.25

1000 50 0.75 0.94 0.83 0.97

200 5 1.50 0.52 0.55 0.69

200 50 1.50 0.95 0.89 1.00

1000 5 1.50 0.56 0.57 0.72

1000 50 1.50 0.99 0.89 1.00

200 5 10 0.56 0.77 1.00

200 50 10 0.85 0.89 1.00

1000 5 10 0.58 0.76 1.00

1000 50 10 0.87 0.89 1.00

imately 5 % when ε = 10 % and 10 % when ε = 20 %.
Most of the structural outliers are trimmed, but only a small
fraction of component-wise outliers are discarded with trim-
ming. When the trimming level is ε1 + dε2, masking is ap-
proximately 0.6 % when c = 1.5 and 0.1 % when c = 10.
Consequently, almost all outliers are discarded, but at the
price of a large swamping, which is around 20 %. Finally,
we can see snipping allows to obtain a very small probability
of swamping and masking in all scenarios; and note that the
challenging concentrated contamination setting gives rise to
similar considerations as the background noise setting with
respect to SSE, Rand index and misclassification.

It can be noted that the concentrated contamination set-
ting with ε1 > 0 is adding a small cluster of outliers, which
could be easy to identify. In order to illustrate the perfor-
mance of procedures when this cluster is not present, we

show in Tables 5 and 6 results on concentrated contamina-
tion with ε1 = 0 and ε2 > 0, that is, with CWC only. The
procedures behave similarly to the previous settings.

We conclude this section by comparing the clustering
procedures in an outlier free setting. We generate data as
before, but without any contamination whatsoever. We fix
the trimming and snipping levels at 10 %. The results of this
simulation study are important to evaluate the loss of effi-
ciency when robust procedures are used on clean datasets.
The results are summarized in Table 7.

From Table 7 it can be seen that only a mild loss of effi-
ciency, in terms of SSE, is expected with trimming and snip-
ping. The SSE of snipped k-means is often slightly larger
than that of trimmed k-means. On the other hand, for the
Rand index this comparison is often reversed.
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Table 6 Swamping probability
(and masking probability in
parentheses, when not equal to
the former) on simulated data
for different clustering
procedures. kmeans denotes
the classical k-means procedure,
tkmeans(η) trimmed k-means
with trimming level η, and
snip snipped k-means. No
structural outliers are generated
and the proportion of
component-wise outliers,
generated from independent
Gaussians centered on −c and
with standard deviation σ/2, is
ε2 = 0.1. Results are based on
B = 1000 replications

n d c tkmeans (10 %) snip (10 %)

200.00 5.00 0.75 0.0900 (0.0850) 0.0750

200.00 50.00 0.75 0.0920 (0.0870) 0.0580

1000.00 5.00 0.75 0.0864 (0.0855) 0.0702

1000.00 50.00 0.75 0.0883 (0.0873) 0.0302

200.00 5.00 1.5 0.0778 (0.0728) 0.0377

200.00 50.00 1.5 0.0898 (0.0848) 0.0244

1000.00 5.00 1.5 0.0746 (0.0736) 0.0331

1000.00 50.00 1.5 0.0862 (0.0852) 0.0096

200.00 5.00 10 0.0780 (0.0729) 0.0000

200.00 50.00 10 0.0895 (0.0845) 0.0000

1000.00 5.00 10 0.0749 (0.0739) 0.0000

1000.00 50.00 10 0.0859 (0.0849) 0.0000

Table 7 SSE and Rand index
on simulated data for different
clustering procedures. kmeans
denotes the classical k-means
procedure, tkmeans(η)
trimmed k-means with trimming
level η, and snip snipped
k-means. Results are based on
B = 1000 replications

n d c ε SSE

kmeans tkmeans (10 %) snip (10 %)

200 5 0.75 0.00 2.94 3.02 2.63

200 50 0.75 0.00 2.31 2.71 3.30

1000 5 0.75 0.00 1.21 1.32 0.91

1000 50 0.75 0.00 0.46 0.53 0.56

200 5 1.50 0.00 0.31 0.38 0.47

200 50 1.50 0.00 2.28 2.66 3.23

1000 5 1.50 0.00 0.06 0.07 0.09

1000 50 1.50 0.00 0.44 0.52 0.55

200 5 10 0.00 0.23 0.30 0.39

200 50 10 0.00 2.28 2.66 3.22

1000 5 10 0.00 0.05 0.06 0.07

1000 50 10 0.00 0.46 0.53 0.56

n d c ε Rand index

kmeans tkmeans (10 %) snip (10 %)

200 5 0.75 0.00 0.32 0.26 0.26

200 50 0.75 0.00 0.98 0.92 0.96

1000 5 0.75 0.00 0.34 0.29 0.28

1000 50 0.75 0.00 0.98 0.93 0.97

200 5 1.50 0.00 0.81 0.68 0.69

200 50 1.50 0.00 1.00 1.00 1.00

1000 5 1.50 0.00 0.82 0.70 0.72

1000 50 1.50 0.00 1.00 1.00 1.00

200 5 10 0.00 1.00 1.00 1.00

200 50 10 0.00 1.00 1.00 1.00

1000 5 10 0.00 1.00 1.00 1.00

1000 50 10 0.00 1.00 1.00 1.00
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Table 8 Recognition of handwritten digits data: modified Rand index and conditional probability of correct classification Pr(j |j), j = 0, . . . ,9,
for different clustering procedures

Method Rand 0 1 2 3 4 5 6 7 8 9

k-means 67 % 0.37 0.76 0.88 0.71 0.43 0.97 0.95 0.82 0.44 1.00

PAM 64 % 0.57 0.89 0.89 0.78 0.72 0.98 0.95 0.44 0.75 0.99

tkmeans (5 %) 71 % 0.64 0.90 0.88 0.89 0.80 0.99 0.97 0.86 0.67 0.99

snip (5 %) 83 % 0.87 0.91 0.91 0.95 0.76 0.99 0.99 0.90 0.85 0.99

tkmeans (10 %) 75 % 0.61 0.93 0.92 0.92 0.83 0.99 0.98 0.84 0.79 1.00

snip (10 %) 85 % 0.93 0.93 0.92 0.95 0.80 0.99 0.99 0.90 0.82 0.99

4 Optical recognition of handwritten digits

We describe here an example regarding optical recognition
of handwritten digits. Data are freely available from the UCI
Matchine Learning Repository (Frank and Asuncion 2010)
website http://archive.ics.uci.edu/ml/ and describe n = 3823
digits, from 0 to 9 (hence, k = 10), handwritten by 30 sub-
jects. The resulting bitmaps are divided into nonoverlapping
blocks and the number of pixels are counted in each block.
This generates d = 64 variables, recording the normalized
count of pixels in each block. We ignore the known label-
ing, and therefore perform a confirmatory cluster analysis.
In this application it is easy to realize that there may be a mix
of structural and component-wise outliers, with possibly an
heavy presence of component-wise outliers. Structural out-
liers may be given by the orthographics habits of certain sub-
jects, who can draw slightly different digits with respect to
the rest of the population. On the other hand, component-
wise outliers are given by even a only slightly different draw
with respect to the usual, for instance due to nervous hand-
writing.

We begin reporting the computation time with such a
large data matrix. Regardless of the snipping level, with
our non-optimized code it takes about 2.5 hours to per-
form 2e105 iterations of the algorithm on a laptop with a
2.40 GHz CPU and 512 Mb RAM. To evaluate convergence,
we repeatedly used the algorithm from 100 different initial
solutions. The same smallest loss was obtained for 37 of
those. We underline that we expect a much lower depen-
dence on the initial solution for smaller data matrices. In
light of these results we can state anyway that 7 runs from
different initial solutions are enough in order to achieve ap-
proximately 95 % probability of attaining the global opti-
mum, and 10 for a 99 % probability.

In Table 8 we report the modified Rand index and, for
each digit, the conditional probability of correct classifica-
tion for different procedures. The latter is obtained dividing
the diagonal of the classification matrix by the frequency
table of true labels. The operation is intended entry-wise.
Cluster labels are permuted in order to maximize the sum of
the elements in the diagonal of the classification matrix. As

with the simulated data, these values are computed by us-
ing samples that are not trimmed by any of the procedures
involved.

From Table 8 we can see that with the same number of
discarded entries snipping can achieve a Rand index which
is substantially larger than trimmed k-means, due to the ad-
ditional flexibility in arranging them. There is a substantial
improvement also for what concerns the misclassification er-
ror. There are patterns of misclassification, which snipping
is able to partially overcome. The most important example
is given by the 0, which seems to be much better classified
with snipping. This is probably because minimal scratches
of the handwriting can make it look like a 6, a 9 or even
an 8. Trimming on the other hand seems to be particularly
useful for the digit 4, which is the only that is correctly
classified less often with snipping than with trimming. This
probably happens since by removing some entries few hand-
written 4 can look like a 1. As noted by a referee, some
kind of curve registration may be used in connection with
this data set, and a reason behind the better performance of
snipping in comparison with trimmed k-means or PAM is
that snipping may be automatically doing part of this regis-
tration task.

5 Conclusions

It is now clear in the robust clustering literature that trim-
ming and clustering must be performed simoultaneously. It
can be argued along the same lines that component-wise out-
liers can not be tackled with univariate outlier identification
methods, screening variables one at a time. An outlier is in
fact an extreme point with respect to its own centroid. Iden-
tification of bridge points between two clusters may not be
doable with univariate screening.

We give three key contributions to the robust cluttering
literature in this paper. First of all, we introduce the idea of
snipping, which can be used to tackle component-wise con-
tamination. Isolated aberrant values can be discarded and the
corresponding subject can still be assigned to a cluster and
contribute, at least in part, to centroid estimation. Snipping
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is completely flexible, so that any configuration of contam-
inated entries can be taken care and potentially all observa-
tions can be snipped. If for instance we have a structural col-
umn outlier, snipping can discard it. On the other hand, the
entire data set would have to be discarded if using trimming.
This situation can also be taken care with the robust double
clustering approach of Farcomeni (2009), which is anyway
much less flexible since in Farcomeni (2009) the same di-
mensions must be snipped in all rows. Secondly, along the
lines of Chakraborty and Chaudhury (2008), we developed
a loss minimization algorithm with guaranteed convergence
to the global optimum. This algorithm can be directly em-
ployed also with trimming methods, with minor adjustments
(e.g., that the candidate solution Vc is obtained by switching
two rows of the current solution V (t)). A detailed compari-
son of the two possible algorithms (the one based on concen-
tration steps and the one based on stochastic optimization) in
terms of performance and computation time is also grounds
for further work. Third, in parallel with Alqallaf et al. (2009)
we introduce a crisp general contamination model which in-
cludes structural and component-wise outliers simoultane-
ously. We have assumed, in parallel with the clustering par-
tition, that entries of the data matrix can be partitioned into
clean and contaminated entries. This general contamination
model is particularly challenging and includes many situa-
tions of interest (e.g., structural column outliers, structural
row outliers and any fixed pattern of contamination) as spe-
cial cases.

It must be here acknowledged that the proposed contam-
ination and the snipped k-means procedure are not rotation
invariant; while on the other hand trimming procedures (and
the Tukey–Huber contamination model) do have this prop-
erty. An interesting discussion in Alqallaf et al. (2009) gives
more insights on this point.

There are many possibilities for further work. Methods
for heterogeneous robust clustering (e.g., García-Escudero
et al. 2008; Gallegos and Ritter 2005, 2009b, 2010) will
be discussed in a companion paper (Farcomeni 2013). An-
other issue regards the formal robustness properties. We
have shown that the restricted individual and cell breakdown
points of snipped k-means are bounded from below by the
snipping level essentially adapting results and definitions of
well-clustered data sets from Ruwet et al. (2012). We be-
lieve the same results hold, at least regarding the cell break-
down point, under a more general class of well-clustered
data sets. It would be also interesting to study the dissolu-
tion points and isolation robustness of snipping as well, as
proposed in Hennig (2008). The concepts in Hennig (2008)
could be used to better underline the inherent differences be-
tween CWC and THC in cluster analysis.

We finally note that the idea of snipping is applicable in
settings also outside the robust clustering area.
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